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Recent experiments have demonstrated a fluctuation-induced lateral trapping of spherical colloidal particles
immersed in a binary liquid mixture near its critical demixing point and exposed to chemically patterned sub-
strates. Inspired by these experiments, we study this kind of effective interaction, known as the critical Casimir
effect, for elongated colloids of cylindrical shape. This adds orientational degrees of freedom. When the col-
loidal particles are close to a chemically structured substrate, a critical Casimir torque acting on the colloids
emerges. We calculate this torque on the basis of the Derjaguin approximation. The range of validity of the
latter is assessed via mean-field theory. This assessment shows that the Derjaguin approximation is reliable
in experimentally relevant regimes, so that we extend it to Janus particles endowed with opposing adsorption
preferences. Our analysis indicates that critical Casimir interactions are capable of achieving well-defined,
reversible alignments both of chemically homogeneous and of Janus cylinders.
I. INTRODUCTION
The first direct measurement of critical Casimir forces act-
ing on colloidal particles [1] has recently demonstrated that
in soft matter thermal fluctuations can induce well-directed
effective interactions. Since its prediction [2], the critical
Casimir effect has attracted numerous theoretical investiga-
tions (see, e.g., Refs. [3] and [4] and references therein) re-
vealing both an intriguing instance of solvent-mediated ef-
fective interactions and a classical analogue of the celebrated
Casimir effect in quantum electrodynamics [5–8].
The critical Casimir effect arises due to the confinement
of local density or concentration fluctuations of a liquid by
surfaces provided, e.g., by immersed colloids or substrates.
Whereas in general the spatial extent of fluctuations, given by
the bulk correlation length ξ , is on the molecular scale, it di-
verges upon approaching a critical point in the phase diagram
of the fluid and attains mesoscopic values. Thus, along such
a thermodynamic path the effects of the individual confine-
ments start to interfere and an effective interaction acting on
the immersed objects sets in. Its amplitude is proportional to
kBT , where kB is Boltzmann’s constant and T is temperature.
Due to the algebraic divergence ξ (T → Tc) ∝ |T −Tc|−ν
of the correlation length, where Tc is the critical tempera-
ture and ν is a standard bulk critical exponent, the strength
of the critical Casimir force responds to minute temperature
changes. These fluctuation-induced interactions can be de-
scribed in terms of universal scaling functions determined by
the bulk and surface universality classes of the system [9–11].
Simple fluids and binary liquid mixtures belong to the Ising
universality class. At the confining surfaces these fluids are
generically exposed to boundary conditions (BCs) belonging
to the so-called normal surface universality class. Depend-
ing on the adsorption preference for one of the two species of
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a binary liquid mixture, the normal universality class allows
for two possible boundary conditions denoted as (+) or (−)
BC. A colloidal particle is attracted by a nearby substrate if
their surfaces share the same BCs, whereas it is repelled if the
mutual adsorption preferences are opposite. Critical Casimir
forces, therefore, provide a tool to design the strength and the
direction of mesoscopic colloidal interactions via suitable sur-
face treatment and temperature control [12].
Experimentally, critical Casimir forces have been first mea-
sured indirectly by studying the thickness of thin wetting films
upon passing thermodynamically a critical end point in the
phase diagram of the fluid [13, 14]. For classical binary liq-
uid mixtures [15, 16] as well as for quantum binary liquids
3He / 4He [17, 18] and liquid 4He [19, 20] such experiments
have provided evidence of the critical Casimir effect in agree-
ment with theoretical results obtained via Monte Carlo (MC)
simulations [21–26].
The critical Casimir effect in colloidal suspensions has at-
tracted numerous theoretical investigations [27–31] due to the
wide use of colloids in applications and due to their property
as a paradigmatic soft matter model. Using colloids, critical
Casimir forces have been measured directly by monitoring the
position of a single spherical colloidal particle immersed in
a binary liquid mixture of water and 2,6-lutidine and close
to chemically homogeneous substrates [1, 32, 33]. The ex-
perimental data agree very well with theoretical predictions
[1, 32, 34], which are obtained via the Derjaguin approxima-
tion (DA) [35] and make use of the aforementioned MC sim-
ulation results for the film geometry. A full MC simulation
study for the sphere-wall geometry is numerically challeng-
ing and has been performed only recently [36], still limited
to small ratios of the radius of the sphere and the surface-to-
surface distance between the wall and the sphere.
The combination of attractive and repulsive critical Casimir
forces, as obtained by means of chemically patterning sub-
strates with stripes of alternating adsorption preference, gen-
erates lateral critical Casimir forces acting on colloids, which
have recently been realized experimentally [37, 38]. Later-
ally confining potentials, which can reversibly trap colloids,
2(−)
D
0
xy
z
(−)
L
R
(+)
(−)
0
xy
zα
D
X
(−)
L
R
(+)
D
0
xy
z
(−)
L
R
(+)
(−)
L2
L1
P
0
xy
zα
D
X
(−) (+)
L/2L/2
R
(a) (c)
(b) (d)
FIG. 1. Illustration of the geometries and the boundary conditions (BCs) considered in our study: (a) cylinder of radius R and length L
oriented parallel to a substrate at a surface-to-surface distance D, both surfaces exhibiting the same homogeneous adsorption preference for
the two species of a binary liquid mixture corresponding to (−) BC, (b) cylinder close to a homogeneous substrate which exhibits the opposite
adsorption preference corresponding to (+) BC, (c) cylinder close to a chemical step at which the adsorption preference of the substrate
changes discontinuously along the lateral direction x from (+) BC at x < 0 to (−) BC at x ≥ 0 so that the cylinder axis is rotated by an angle
α ∈ [0,pi/2] with respect to the chemical step at x = 0, and (d) Janus cylinder close to a periodically striped substrate. The Janus cylinder
exhibits opposing (+) and (−) BC at its two halves, and the substrate consists of stripes of width L1 with (−) BC neighboring stripes of width
L2 with (+) BCs such that the periodicity is P = L1+L2. Moreover, the cylinder is rotated by an angle α with respect to the chemical steps of
the stripes. In all cases the vertical projection of the cylinder onto the substrate surface forms a 2R×L rectangle (dashed lines). The center of
the colloid is located at (a and b) (x,y,z) = (0,L/2,D+R) and (c and d) (x,y,z) = (X ,L/2,D+R).
have been measured and agree very well with the correspond-
ing theoretical predictions [38, 39]. Critical Casimir forces
between homogeneous and chemically striped surfaces have
been studied theoretically within mean-field theory (MFT)
[40, 41] and by using MC simulations [41–43] for the film
geometry. The critical Casimir interaction between a spheri-
cal colloid and a chemically patterned surface has been stud-
ied by some of the present authors [44]. In Ref. [44] normal
and lateral critical Casimir forces have been calculated via
a two-pronged approach by performing full numerical MFT
calculations and by applying the DA beyond MFT. The cor-
responding comparison of theoretical and experimental re-
sults revealed on one hand that the critical Casimir effect is
very sensitive to the details of the imprinted chemical sub-
strate structures and on the other hand that it can resolve them
[38, 39].
Motivated by these studies, here we investigate the criti-
cal Casimir interaction between a cylindrical colloidal parti-
cle and a chemically striped substrate. Highly elliptical and
(sphero-) cylindrical colloids are widely used in present re-
search and may have applications in new materials [45, 46]. A
diverse set of elongated particles such as cylindrical micelles
[47], block copolymers [48], the mosaic tobacco virus [49],
and carbon nanotubes [50, 51] is experimentally available.
The (self-) alignment of the latter type of particles can also
be used in biological cell analyses [52], and may lead to im-
provements in different technologies such as solar cells [53],
energy storage [54], or liquid crystal displays [55]. In the con-
text of critical Casimir forces such elongated particles have so
far only been investigated in two theoretical studies. In the
presence of a homogeneous substrate MFT predicts the oc-
currence of a critical Casimir torque within the plane normal
to the substrate surface [56]. In Ref. [57], for needle-shaped
particles in a two dimensional Ising model such torques have
been found by conformal field theory and MC simulations.
Besides having an anisotropic shape, particles may also ex-
hibit inhomogeneous surface properties, e.g., Janus particles
with two different sides or patchy particles with several sur-
face patches. The experimental fabrication of such particles is
of research interest in itself [48, 58, 59], as is the theoretical
understanding of the interactions between spherical [60, 61]
or between non-spherical Janus particles [62, 63], because
they are considered to be promising building-blocks for self-
assembling materials.
In Ref. [44] an infinitely extended cylinder, opposite to and
with its horizontal axis aligned parallel to the direction of
chemical stripes on a surface, has been studied within MFT
and within DA. Here, we extend this previous investigation to
cylindrical colloids of finite length, which, in addition, may be
arbitrarily rotated with respect to the direction of the substrate
pattern [Fig. 1]. Thus, the cylindrical colloids are exposed to
a critical Casimir torque within the plane parallel to the sub-
strate surface which tends to align the colloids in the case of a
striped substrate. Adding this orientational degree of freedom
enriches the phenomena considerably. In order to keep com-
plexity in check, we thus focus on the case that the symmetry
axis of the cylindrical colloid remains parallel to the substrate
surface. The critical Casimir torque leading to a tilt out of
this plane has been studied for a homogeneous substrate in
Ref. [56].
As a starting point, in Sec. III we study a cylindrical col-
loid of radius R aligned parallel to a chemically homogeneous
3substrate at surface-to-surface distance D. This goes beyond
previous analyses in that this colloid is considered to have a
finite length L. We investigate various combinations (a,b) for
the BCs (a) at the substrate and (b) at the colloidal surface,
in particular for the experimentally relevant {(a),(b)} ∈ (±)
BCs for binary liquid mixtures. Whereas (−,−) BCs corre-
spond to the same (strong) adsorption preference [Fig. 1(a)],
(+,−) BCs correspond to opposite adsorption preferences
[Fig. 1(b)]. Since we are exclusively dealing with a vanish-
ing bulk field, i.e., the concentration of the fluid is kept fixed
at its critical value, the cases (+,+) and (−,−) as well as the
cases (+,−) and (−,+), respectively, are equivalent.
In Sec. IV we consider a cylinder exhibiting a (−) BC close
to a chemical step at which the adsorption preference of the
substrate changes discontinuously along the lateral direction x
from (+) BC to (−) BC at x = 0 [Fig. 1(c)]. (Experimentally,
chemical steps are broadened; we consider the realistic case
that the transition region of the chemical surface composition
is narrow on the scale of the diverging bulk correlation length
[38].) The cylinder axis is rotated in the plane parallel to the
substrate by an angle α with respect to the chemical step. We
calculate the critical Casimir force, potential, and torque act-
ing on the colloid with its center located at lateral position X .
Based on these results, in Sec. V we study a Janus cylinder
which imposes an inhomogeneous BC to the fluid close to a
substrate endowed with a chemical pattern of parallel stripes
with laterally alternating BCs [Fig. 1(d)].
In this study we employ a multi-pronged approach. For the
homogeneous geometry studied in Sec. III we perform full,
numerical MFT calculations of the critical Casimir force for
a wide range of distance-to-radius ratios ∆ ≡ D/R and com-
pare them with the corresponding results obtained by using
the DA which is formally valid only in the limit ∆→ 0. How-
ever, our analysis reveals that the use of the DA also provides
a quantitatively reliable approximation for experimentally rel-
evant ranges of nonzero values of ∆, so that we can base our
analyses in Secs. IV and V on the DA. Finally, in Sec. VI, we
summarize our main findings.
First, however, in Sec. II we briefly recall the necessary
theoretical background which encompasses the appropriate fi-
nite size scaling of critical phenomena and the corresponding
field-theoretic approach as well as details of the DA.
II. THEORETICAL BACKGROUND
A. Finite-size scaling
In the following we focus on binary liquid mixtures upon
approaching their critical demixing point by varying the tem-
perature at constant pressure and with their composition fixed
at the critical value [37, 38]. According to finite-size scaling
theory, the critical Casimir force exhibits a universal behavior
described in terms of scaling functions. These scaling func-
tions depend only on (i) the bulk universality class, which is
of Ising type, (ii) the surface universality class, which here is
of the so-called normal kind and corresponds to either (+)
or (−) BC captured by strong, symmetry-breaking surface
fields, (iii) the spatial dimension d, which here will be d = 3 or
d = 4, and (iv) the geometry under consideration [3, 4]. Crit-
ical phenomena are to large extent independent of the molec-
ular character of the system due to the divergence of the bulk
correlation length ξ±(t → 0±) = ξ±0 |t|−ν , where ν ≃ 0.63 in
d = 3 and ν = 1/2 in d = 4 [64], and t = ±(T − Tc)/Tc is
the reduced temperature. The sign of t is chosen such that
t > 0 corresponds to the homogeneous, mixed phase of the
fluid, whereas t < 0 corresponds to the inhomogeneous or-
dered phase, where phase separation occurs. For an upper
critical point the homogeneous phase is found at high temper-
atures, and one has t = (T −Tc)/Tc. However, many experi-
mentally relevant binary liquid mixtures, such as the one used
in the aforementioned experiments [1, 32, 37, 38], exhibit a
lower critical point, so that in this case t =−(T −Tc)/Tc.
For the film geometry, which corresponds to a fluid confined
between two parallel, infinitely extended walls at distance l
the critical Casimir force f(a,b) per area acting on the walls is
given by [14]
f(a,b)(l,T ) = kBT
1
ld
k(a,b)(sign(t) l/ξ±). (1)
In Eq. (1) the subscript (a,b) denotes the pair of BCs (a) and
(b). The scaling function k(a,b) depends only on a single scal-
ing variable, which is determined by the sign of the reduced
temperature t and the film thickness l in units of the bulk cor-
relation length ξ± (± for t ≷ 0). We note that, in general, (a)
and (b) can also represent the various symmetry preserving
fixed-point BCs (the so-called ordinary, special, periodic, or
anti-periodic BCs [3, 4]) in addition to the symmetry breaking
(±) BCs relevant to classical one-component fluids or binary
liquid mixtures, which we are mainly interested in here. Right
at the bulk critical point the scaling function k(a,b) attains a
universal constant value k(a,b)(l/ξ± = 0) = ∆(a,b), known as
the critical Casimir amplitude, and the critical Casimir force
decays algebraically ∼ l−d as a function of the film thickness
[3, 4]. In contrast, away from criticality, the critical Casimir
force decays exponentially as a function of l/ξ±. For (−,−)
or (+,−) BCs, which are the experimentally relevant cases
[1, 32, 37, 38], and for the homogeneous phase at t > 0, we
expect for l/ξ+ ≫ 1 (see Refs. [39, 44])
k(+,±)(l/ξ+ ≫ 1) = A±
(
l
ξ+
)d
exp(−l/ξ+), (2)
where A± are universal constants [32].
B. Mean-field theory
Within the field-theoretical approach to critical phenom-
ena, the standard Landau-Ginzburg-Wilson bulk Hamiltonian
is given by [9, 10]
H [φ ] =
∫
V
ddr
{
1
2
(∇φ)2 + τ
2
φ2 + u
4!
φ4
}
, (3)
where φ(r, t) is the spatially varying and temperature depen-
dent order parameter describing the binary fluid, i.e., the dif-
ference between the local concentration of one of the two
species and its critical value. The fluid completely fills the
volume V in d-dimensional space. The parameter τ in Eq. (3)
is proportional to the reduced temperature t, and the cou-
pling constant u > 0 provides stability of the Hamiltonian
4for t < 0. The mean-field order parameter profile m(r,τ) :=
u1/2〈φ(r, t)〉 is defined as the one which minimizes the Hamil-
tonian, i.e., δH [φ ]/δφ |φ=〈φ〉 = 0 for given BCs. Within
renormalization group theory, MFT is the lowest order con-
tribution within an expansion in terms of ε = 4− d, and it
allows one to infer the universal scaling functions of the crit-
ical Casimir force at the upper critical dimension d = 4 (up
to an overall prefactor ∝ u−1 and up to logarithmic correc-
tions). Thus, in the following, we denote MFT results by
d = 4, in contrast to results obtained from MC simulation
data in physical dimensions d = 3 via the DA (see below).
The bulk mean-field order parameter is given by 〈φ〉=±a|t|β
for t < 0, where β is a standard critical exponent, and it van-
ishes for t > 0. The non-universal amplitudes ξ+0 and a are
the only two independent non-universal amplitudes appear-
ing in the description of bulk critical phenomena (two-scale
universality) [9, 10], so that, within MFT (d = 4) the rela-
tionships τ = t(ξ+0 )−2, u = 6(aξ+0 )−2, Rξ ≡ ξ+0 /ξ−0 =
√
2,
and mbulk =
√
6(ξ+0 )−1|t|1/2 hold [65]. In a confined system,
H [φ ] is supplemented by appropriate surface contributions
[9, 10], which for the normal universality class [66, 67] gen-
erate the fixed-point (±) BCs for the order parameter such
that φ ∣∣
surface =±∞.
For the film geometry the order parameter profiles m(r,τ)
which minimize H [φ ] and the resulting critical Casimir
forces for the various (a,b) BCs have been determined ana-
lytically [68]. For the case of the symmetry breaking BCs, the
critical Casimir amplitudes are given by ∆(+,+) = ∆(−,−) =
−∆(+,−)/4 = 48[K(1/
√
2)]4u−1 where K is the complete el-
liptic integral of the first kind [68].
Here, we study a cylindrical colloid near a planar substrate,
as shown in Fig. 1. In order to obtain the MFT order pa-
rameter profile m(r,τ) for such geometries, we have mini-
mized Eq. (3) numerically for various BCs using a finite el-
ement method [69]. The fixed point (±) BCs have been im-
plemented numerically by means of a short distance expan-
sion at the planar and curved surfaces [70, 71]. Subsequently,
we have calculated the critical Casimir force acting on the
cylindrical colloid from these profiles using the stress tensor
[56, 68, 72]. This renders the universal scaling function for
the critical Casimir force in d = 4, in which the surface of the
cylinder is still bent only along one direction as in d = 3, but
all physical properties are invariant along the additional fourth
dimension. Accordingly, the MFT results are those per length
along this fourth direction. We estimate the relative numeri-
cal error of the MFT scaling functions obtained this way to be
less than 1% for the case L→∞ presented in Sec. III B below,
and less than 3% for finite values of L presented in Sec. III C.
C. Derjaguin approximation
Since soft matter naturally involves curved objects, the
well-known DA is often used in order to deal with spherical
surfaces [35]. Accordingly, the critical Casimir force acting
on a spherical colloid in the proximity of a planar substrate
can be calculated via subdividing the spherical surface into in-
finitely small rings parallel to the substrate surface. Using the
known expression for the force in the plane-plane geometry
and assuming additivity, the overall force acting on the colloid
can be obtained by simply summing up the individual contri-
butions from these rings [29]. The DA has been used success-
fully in order to predict the experimentally measured critical
Casimir force acting on spherical colloids [1, 32, 38, 39].
In this study, we apply the DA to cylindrical particles [44],
such that the surface of the cylindrical colloid is decomposed
into pairs of infinitely narrow stripes of length L positioned
parallely to the cylinder axis and the substrate. The dis-
tance of each stripe from the substrate surface is given by
D(ρ) = D + R(1−
√
1−ρ2/R2), where ρ is the absolute
value of the position of each stripe along the lateral x direc-
tion. The DA holds in the limit ∆ = D/R→ 0 so that here we
use the “parabolic distance approximation” [29, 44]
D(ρ)≃D
(
1+ρ2/(2RD)
)
. (4)
Assuming additivity of the forces and neglecting edge ef-
fects, we subsequently integrate contributions from the single
stripes forming the cylinder surface by using the expression
for the force in the film geometry, as given by Eq. (1), for
the appropriate distance l = D(ρ). For the cases shown in
Fig. 1(a) and (b) the BCs of the substrate and the cylinder
are spatially homogeneous, so that the corresponding univer-
sal scaling function for the film geometry is either k(−,−) or
k(+,−). For the more complex geometries shown in Fig. 1(c)
and (d) the cylinder faces a spatially varying adsorption pref-
erence at the substrate. Thus, in this case the summation of
forces demands a further subdivision of the cylinder surfaces
depending on the projection of the cylinder onto the substrate
surface, analogously to the case of a sphere near a chemi-
cally patterned substrate [44], and as described in detail in Ap-
pendix A and in Ref. [73]. Accordingly, for the cases shown
in Figs. 1(c) and (d), the integral over force contributions de-
pends on both scaling functions k(−,−) and k(+,−).
We note that, within the DA, we only take into account
forces which are directed normal to the substrate surface, mo-
tivated by the studies of forces between a homogeneous par-
ticle and a homogeneous substrate, for which it turns out that
local stresses acting on the particle surface along lateral direc-
tions in sum cancel out. Nonetheless, lateral forces acting on
the colloid close to a patterned substrate are also obtained via
this approach by constructing an effective interaction poten-
tial which depends on the lateral coordinate and is derived via
integrating the normal force. Other approaches consider force
contributions acting locally normal to the surface of the col-
loidal particle from the very beginning [74]. However, in the
case of a sphere close to a homogeneous substrate the different
approaches tend to the same expression, taking into account
the different nature of body forces, as considered in Ref. [74],
and critical Casimir forces, which only act on surfaces.
The DA is based on the universal scaling functions for the
film geometry, which have been obtained from MC simula-
tions in d = 3 [22, 23, 26, 75, 76]. In the remainder of our
study, concerning the application of the DA in d = 3 we use
for the scaling functions k(±,−) the numerical estimate re-
ferred to as “approximation (i)” in Figs. 9 and 10 of Ref. [23].
The systematic uncertainty of the overall amplitude of these
scaling functions can, in the worst case, reach up to 10%–
20% [23], which also affects our predictions. However, we
5have checked that the corresponding impact on the normal-
ized scaling functions presented below is much smaller and
only on the relative level of at most 5%. The same estimate
also applies to the use of more recent MC data [26, 76].
III. CYLINDER CLOSE TO A HOMOGENEOUS
SUBSTRATE
In order to predict the universal scaling function for the crit-
ical Casimir forces acting on a cylindrical colloid in d = 3 we
employ the DA discussed in the preceding section. Recently,
the DA has been compared with data obtained by MC simula-
tions in d = 3 for the sphere-wall geometry [36], showing that
the accuracy of the DA depends on the type of BCs. Whereas
for (+,+) BCs (equivalent to (−,−) BCs), the DA agrees
rather well with the MC data for colloid-substrate distances
of up to roughly one particle radius, for (+,−) BCs a no-
table disagreement has been found for these geometries and
for t < 0 [36]. The aim of this section is to elucidate this issue
in more detail by inspecting the range of validity of the DA
for the critical Casimir force acting on a cylindrical particle.
To this end, we consider a cylindrical colloid of radius R,
length L, and with (b) BC close and parallel to a chemically
homogeneous, flat wall with (a) BC and surface-to-surface
distance D. In particular, we are interested in (a =±,b = −)
BCs, as shown in Figs. 1(a) and (b).
According to finite size scaling, the normal critical Casimir
force F(a,b)(D,R,L,T ) and the critical Casimir potential
Φ(a,b)(D,R,L,T ) ≡
∫
∞
D dz F(a,b)(z,R,L,T ) acting on the col-
loid can be written as [44]
F(a,b)(D,R,L,T ) = kBT
LR1/2
Dd−1/2
K(a,b)(Θ,∆,L ), (5)
and
Φ(a,b)(D,R,L,T) = kBT
LR1/2
Dd−3/2
ϑ(a,b)(Θ,∆,L ), (6)
respectively. In Eqs. (5) and (6) K(a,b) and ϑ(a,b) are univer-
sal scaling functions which only depend on the dimensionless
scaling variables
Θ ≡ sign(t) Dξ± , ∆≡
D
R
, L ≡ L√
RD
, (7)
i.e., Θ = D/ξ+ for t > 0 and Θ =−D/ξ− for t < 0. Note that
using Θ is equivalent to using the scaling variable
yˆ ≡ t
(
D
ξ+0
) 1
ν
=
{
Θ1/ν , t > 0,
−(|Θ|/Rξ )1/ν , t < 0,
(8)
which is widely used for the film geometry. Eq. (5) describes
the force acting on the cylinder per [length]d−3 which for
d = 3 corresponds to the force and for d = 4 corresponds to
F(a,b) per length of the extra translationally invariant direction.
According to Φ(a,b)(D,R,L,T ) ≡
∫
∞
D dz F(a,b)(z,R,L,T ), the
scaling function ϑ(a,b)(Θ,∆,L ) in Eq. (6) can be expressed
in terms of the scaling function K(a,b)(Θ,∆,L ) of the force
[Eq. (5)]:
ϑ(a,b)(Θ,∆,L ) =
∞∫
1
dz
K(a,b)(zΘ,z∆,L )
zd−1/2
. (9)
Conversely, using F(a,b)(D,R,L,T ) =
− ddz Φ(a,b)(z,R,L,T )|z=D, the scaling function of the
critical Casimir force K(a,b)(Θ,∆,L ) is given in terms of
ϑ(a,b)(Θ,∆,L ) by the total derivative
K(a,b)(Θ,∆,L ) =(d−3/2)ϑ(a,b)(Θ,∆,L )
−Θ ∂∂Θ ϑ(a,b)(Θ,∆,L )
−∆ ∂∂∆ ϑ(a,b)(Θ,∆,L ). (10)
A. Derjaguin Approximation
First, we consider the scaling functions for the critical
Casimir force and the corresponding potential within the DA
(see Sec. II C), which corresponds to the limit ∆→ 0. We ob-
tain for the scaling function of the critical Casimir force (see
also Appendix D of Ref. [44])
K(a,b)(Θ,∆→ 0,L ) =
√
2
∞∫
1
dβ (β −1)− 12 β−d k(a,b)(Θβ ). (11)
Right at the bulk critical point Θ = 0 we find
K(a,b)(0,0,L ) =
√
2pi[Γ(d − 12)/Γ(d)]∆(a,b) so that
K(a,b)(0,0,L ) = [3pi/(4
√
2)]∆(a,b) for d = 3 and
K(a,b)(0,0,L ) = [5pi/(8
√
2)]∆(a,b) for d = 4 [44].
Accordingly, the scaling function of the critical Casimir po-
tential can be found by integrating over the critical Casimir
force using Eqs. (9) and (11), so that [73]
ϑ(a,b)(Θ,∆ → 0,L ) =
√
2
∞∫
1
dz
∞∫
1
dβ (β −1)− 12 β−d z−d+1/2 k(a,b)(Θβ z)
=2
√
2
∞∫
1
dν
√
ν−1ν−d k(a,b)(Θν), (12)
where we have changed the variable β into ν ≡ β z, ex-
changed the order of the remaining integrals
∫
∞
1 dz
∫
∞
z dν =∫
∞
1 dν
∫ ν
1 dz, and used
∫ ν
1 dz(ν − z)−1/2 = 2
√
ν − 1. For
Θ = 0, ϑ(a,b)(0,0,L ) =
√
2pi[Γ(d − 32 )/Γ(d)]∆(a,b) so
that ϑ(a,b)(0,0,L ) = [pi/(2
√
2)]∆(a,b) for d = 3 and
ϑ(a,b)(0,0,L ) = [pi/(4
√
2)]∆(a,b) for d = 4.
Note that the expressions for both K(a,b) and ϑ(a,b) given in
Eqs. (11) and (12) are independent of the value of L because
the original DA neglects edge effects. Thus, within the DA,
the dependence on the length of the cylinder reduces simply
to an overall prefactor L in Eqs. (5) and (6).
B. MFT scaling functions for an infinitely extended cylinder
In order to test the range of validity of the DA, which is
determined by the geometrical parameters of the system under
consideration, we have numerically calculated the full MFT
scaling functions for a wide range of values of ∆ = D/R and
for L → ∞.
First, we focus on the attractive interaction case of (−,−)
BCs as shown in Fig. 1(a). Figure 2 shows the reduced MFT
6scaling functions K(−,−)(Θ,∆,L → ∞)/|∆(+,+)| in terms of
the absolute value of the Casimir amplitude ∆(+,+) for the film
geometry as a function of yˆ (see Eq. (8)). Moreover, we com-
pare these results with the DA obtained for ∆→ 0. From Fig. 2
we can infer that the DA limit is approached uniformly upon
decreasing the distance-to-radius ratio ∆. In fact, the DA re-
sults agree quantitatively rather well with the full, numerical
scaling functions for ∆ . 1/3. We note that the DA underes-
timates the strength of the force as compared with the actual
data for all values of yˆ and ∆. This is similar to the case of
a sphere near a planar substrate and (+,+) BCs as has been
discussed for MFT in Ref. [44] and for d = 3 by using MC
simulation data in Ref. [36]. Thus, in the case of a cylinder
near a planar substrate we expect this behavior to carry over
accordingly to d = 3.
For opposite (+,−) BCs at the colloid and the substrate
surfaces (Fig. 1(b)) the corresponding behavior of the scaling
functions for the critical Casimir force, which in this case is
repulsive, is more involved (see Fig. 3). Whereas for t ≥ 0
(i.e., yˆ ≥ 0) the reduced scaling functions K(+,−)(Θ,∆,L →
∞)/|∆(+,+)| uniformly approach the DA limit for ∆→ 0 from
above, this behavior drastically changes for negative values of
yˆ. As can be inferred from Fig. 3, for yˆ≪−1, depending on ∆,
the DA overestimates the actual force. Moreover, the DA limit
is reached only for much smaller values of ∆ as compared
with the case yˆ ≥ 0. Indeed, even for ∆ = 1/5 the full MFT
scaling function differs significantly from the DA for yˆ≪−1.
This pronounced dependence on the value of ∆ has also been
observed in d = 3 for the sphere-wall geometry and (+,−)
BCs, for which the corresponding scaling functions obtained
from MC simulations show a qualitatively similar behavior
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FIG. 2. Reduced MFT scaling function K(−,−)(Θ,∆,L )/|∆(+,+)|
[Eq. (5)] for the attractive critical Casimir force acting on a cylindri-
cal particle near a planar substrate, both sharing the same (−) BC
at their surfaces (see Fig. 1(a)). The numerically obtained universal
scaling function K(−,−) is shown as a function of yˆ = t(D/ξ+0 )1/ν
for an infinitely extended cylinder with L = L/
√
RD→ ∞ and vari-
ous values of ∆ = D/R ranging from 1/5 to 6 for temperatures above
and below Tc. With decreasing values of ∆, the scaling function uni-
formly approaches the corresponding one obtained within the DA
[Eq. (11)], which is valid in the limit ∆→ 0.
[36].
Based on the order parameter profiles, which we have ob-
tained numerically within MFT, we attribute the poorer perfor-
mance of the DA for (+,−) BCs and t < 0 to the formation
of an interface in this demixed state. Indeed, in general the
shape and the location of the interface formed around the col-
loidal particle differ significantly from what is assumed within
the DA. This is shown in Figs. 4(a) and (b), where we illus-
trate for two examples the location of the interface at which
the MFT order parameter m(r,τ) vanishes for the specifically
chosen values ∆ = 1 and yˆ = −1 [Fig. 4(a)] and yˆ = −75
[Fig. 4(b)]. In particular, due to the translational invariance
in the y direction, the vertical projection z0(x) of the inter-
face manifold m = 0 onto the xz plane is shown as a white
line separating the regions of positive and negative order pa-
rameter. On the other hand, due to the intrinsic symmetry of
the (+,−) configuration in the film geometry [68] close to Tc
[77], the DA assumes the interface manifold m = 0 to be lo-
cated at zDA0 (x) = D(x)/2 with D(x) as the “parabolic distance
approximation” from Eq. (4). In Figs. 4(a) and 4(b) zDA0 is
shown as a dotted black line. Whereas for yˆ =−1 in Fig. 4(a)
zDA0 (x) agrees well over a wide range with z0(x), in particular
in the region of closest approach between the colloid and the
substrate around x= 0 (with the contributions to the stress ten-
sor from there dominating the resulting critical Casimir force),
the two curves deviate much stronger for yˆ =−75 in Fig. 4(b).
Whilst the DA always assumes the same position of the in-
terface independent of t (i.e., the dotted lines in Figs. 4(a)
and 4(b) are identical), in fact, below Tc the interface “snaps”
around the colloidal particle because it tends to minimize its
area due to the positive interfacial tension involved [80]. This
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FIG. 3. Same as Fig. 2, but for opposite (+,−) BCs at the surfaces
of the colloid and the substrate (see Fig. 1(b)), resulting in a repul-
sive critical Casimir force described by the reduced scaling function
K(+,−)(Θ,∆,L →∞)/|∆(+,+)|. For yˆ≥ 0, as for (−,−) BCs shown
in Fig. 2, the scaling function uniformly approaches the DA limit
∆ → 0, and is in good agreement with it for ∆ . 1/3. However,
for yˆ < 0 the discrepancies between the scaling function as obtained
within the DA and the full, numerically obtained one are much larger.
This rich behavior of the scaling function as function of ∆ resembles
the one obtained from MC simulations for a spherical particle close
to a planar substrate [36].
7z
x x
−4R −2R 0 2R 4R
m = 0
(+)
(−)
m < 0
m > 0(a) yˆ =−1
0
R
3R
5R
7R
−4R −2R 0 2R 4R
m = 0
(+)
(−)
m > 0
m < 0
(b) yˆ =−75
0
0.1
0.2
0.3
0.4
0.5
-75 -50 -25 0 25
y˜ = t(D˜/ξ+0 )1/ν = (D˜/D)1/ν yˆ
K˜ (
+
,−
)(
Θ
,∆
,L
)/
|∆
(+
,+
)| ∆ = 15
= 13
= 23
= 1
∆ = 2
= 3
= 4
= 6
(+,−), MFT
L → ∞
KDA(+,o)/|∆(+,+)|
(c)
FIG. 4. (a,b): Location of the interface manifold m = 0 in a binary
liquid, forming for t < 0 between the two phases rich in either one
of the constituents. The phases m < 0 (blue) and m > 0 (red) are
preferred by the colloid (white) with (−) BC and the substrate (grey)
exhibiting (+) BC, respectively (see Fig. 1(b)). The axis of the cylin-
drical colloid is parallel to the substrate and located at (x= 0,z= 2R)
so that the system is translationally invariant in the direction normal
to the xz plane. Accordingly, the vertical projection z0(x) of the in-
terface manifold onto the xz plane is shown as solid white line for the
specific example ∆ = 1 (i.e., D = R) and yˆ =−1 in (a) and yˆ = −75
in (b). Whereas for yˆ =−1 in (a) the interface is, over a broad range
of values of x, located at z0(x = 0) = D/2 in the region of closest
approach between the colloid and the substrate, for yˆ = −75 in (b)
the interface is closely wrapped around the colloid. Thus, for yˆ =−1
in (a) for a wide range of values of x the actual interface location
around x = 0 is in accordance with the DA assumption zDA0 (x) (see
the main text) shown as a dotted black line, but they disagree for
yˆ = −75 in (b), i.e., the dotted black line does not fall on top of
the solid white line even for x = 0. (c): Reduced effective scaling
functions K˜(+,−)(Θ,∆,L )/|∆(+,+)| (see Eq. (13)) as a function of
y˜ = t(D˜/ξ+0 )1/ν = (D˜/D)1/ν yˆ, where D˜ is the distance z0(x = 0)
of the interface m = 0 from the substrate. The symbols correspond
to the full MFT data for (+,−) BCs shown in Fig. 3 but rescaled,
accounting for the interface shape sketched in (a) and (b) (see the
main text). Accordingly, for various values of ∆ within the range
from 1/5 to 6 the scaling function for the critical Casimir force ba-
sically collapses onto a single master curve. In addition, the latter
is in good agreement well with the corresponding scaling function
KDA(+,o) which has been obtained within a modified DA on the basis of
the interface shape obtained numerically from the full MFT for each
configuration.
is in accordance with the behavior of the critical Casimir force
as shown in Fig. 3, where the DA strongly deviates from the
scaling function, e.g., for ∆= 1 for values yˆ≪−1 but is rather
close to this scaling function for yˆ&−1. Although z0(x) is al-
ways closed for yˆ < 0 in contrast to zDA0 (see the solid white
lines and the dotted black lines, respectively, in Figs. 4(a) and
4(b)), their agreement in the region of closest approach of the
colloid and the wall is sufficient for a good performance of the
DA for −1. yˆ < 0.
In order to check whether the discrepancies between the DA
and the actual force for (+,−) BCs are indeed due to this be-
havior of the shape of the interface, we introduce a modified
version of the DA. From the numerically minimized order pa-
rameter profiles we determine for each geometry and temper-
ature an effective distance D˜ ≡ z0(x = 0) (note that z0(x = 0)
is close to but not identical to D/2) and an effective radius
R˜ ≡ (∂ 2x z0(x)|x=0)−1 of the interface m = 0 at x = 0. Sub-
sequently, we define an effective scaling function (compare
Eq. (5))
K˜(+,−)(Θ,∆,L )≡
D˜d−1/2
LR˜1/2
F(+,−)(D,R,L,T )
kBT
=
√√√√R
R˜
(
D˜
D
)2d−1
K(+,−)(Θ,∆,L ), (13)
based on D˜ and R˜, which themselves depend on Θ, ∆, and
L via z0(x). Thus, K˜(+,−) corresponds to the scaling func-
tion for the critical Casimir force, which would be exerted
onto a fictitious cylindrical colloid of length L and of ra-
dius R˜ at a surface-to-surface distance D˜ from the substrate,
which exhibits a Dirichlet BC φ = 0 at its surface. Although
such an (o) BC does generally not occur in binary liquid
mixtures, it is the appropriate fixed point BC in many other
cases, so that the corresponding film scaling function k(+,o)
is well known (see Ref. [68] for MFT). Thus, the DA can
be analogously performed according to Eq. (11), but based
upon k(+,o). This leads to the effective force scaling func-
tion KDA(+,o) ≡ K(+,o)(±D˜/ξ±,0,∞) corresponding to the ficti-
tious colloid the surface of which is, up to quadratic terms,
given by z0(x) which determines D˜ and R˜. The scaling func-
tion K˜(+,−) as obtained from the full, numerical MFT data
is shown with symbols in Fig. 4(c) as a function of the effec-
tive scaling variable y˜≡ (D˜/ξ+0 )1/ν = (D˜/D)1/ν yˆ. These data
have been obtained for certain values of yˆ and for precisely the
same values of ∆ as in Fig. 3 before. Indeed, the data almost
perfectly collapse for all values of yˆ even for large values of ∆,
and they agree with the DA expression obtained from Eq. (11)
for (+,o) BCs. Our comparison, therefore, shows that the
aforementioned deficiencies of the DA results for (+,−) BCs
and t < 0 are solely due to the specific shape of the interface
around the colloid. It turns out that within MFT, this issue
can be fully resolved in terms of a modified DA for fictitious
(+,o) BCs if the location and the curvature of the actual in-
terface at x = 0 are known. Note, however, that this map-
ping onto a fictitious ersatz colloid with Dirichlet BC is not
expected to hold beyond MFT, because the intrinsic order pa-
rameter profile vanishes at z0(x) linearly ∝ z− z0(x), whereas
at a Dirichlet wall it vanishes ∝ (z− z0(x))(β1−β )/ν , where β1
is a surface critical exponent (β1(d = 4) = 1, β1(d = 3)≃ 0.8
[11]). Thus, within MFT (β1−β )/ν happens to be equal to 1,
too, whereas in d = 3 (β1−β )/ν ≃ 0.8. Despite these quan-
titative differences, we expect that the analogous poor perfor-
mance of the DA for yˆ < 1 and (+,−) BCs in d = 3 [36] can
be attributed to the similar, peculiar shape of the interface in
this case, too.
8C. MFT scaling functions for a cylinder of finite length
In this subsection we study the dependence of the criti-
cal Casimir force on the length L of the cylinder. The finite
length of the cylinder is accounted for by the scaling variable
L = L/
√
RD, so that the aspect ratio of the cylinder is given
by L/R = L
√
∆. In the following we shall focus on small ra-
tios ∆ = D/R. We expect the critical Casimir interaction to be
strongly affected by the influence of the two planar surfaces
at the ends of the cylinder, in particular for “disk-like” cylin-
ders with L = L/
√
RD . 2. On the other hand, for L ≫ 1
the relative effect induced by the cylinder ends on the scaling
function of the total force acting on the colloid is expected
to vanish as ∝ L −1 because for L ≫ R,D the corresponding
force contributions from the ends do not depend on L, whereas
the force on a long cylinder is proportional to L. Since L has
been accounted for in Eq. (5), we consider the expression
K(±,−)(Θ,∆,L ≫ 1)≃K(±,−)(Θ,∆,L → ∞)+
κ±|∆(+,+)|
L
, (14)
where the generalized amplitudes κ± depend on Θ and ∆.
In Fig. 5 we show the reduced MFT scaling functions
K(±,−)(Θ,∆,L )/|∆(+,+)| for the fixed values Θ= 0 and ∆= 1
as a function of L . The size of the symbols shown in Fig. 5
indicates the estimated numerical error, which is larger than
for the limiting case L → ∞. Moreover, we show the corre-
sponding values of the scaling functions K(±,−) for the limit
L → ∞ and for ∆ = 1 as solid horizontal lines. The results
obtained within the DA for ∆ → 0 [Eq. (11)] are independent
of the value of L and are shown as dashed horizontal lines.
From Fig. 5, we can infer that for small values of L . 2
the scaling function of the critical Casimir force for ∆ = 1
deviates significantly from its corresponding expression ob-
tained from the DA, as well as from its corresponding value
attained in the limit L → ∞. On the other hand, for L & 4,
the deviation of the value of the critical Casimir force from
its limiting one for L → ∞ is less than 15% for both (−,−)
and (+,−) BCs. From Fig. 5 we find that the numerically
obtained scaling functions K(±,−)(Θ,∆,L ) are in accordance
with the expected limiting behavior given in Eq. (14) already
for L & 1. From least-square fits we have obtained from
our data for Θ = 0 and ∆ = 1 the values κ− = −1.1± 0.2
and κ+ = 4.2± 0.3. In Fig. 5, the fits based on Eq. (14) are
shown as thick solid curves and are in agreement with all data
points within the estimated error bars. According to the values
found for κ±, we note that, although the scaling functions for
L . 2 clearly deviate from the DA values for ∆ = 1, the ratio
K(+,−)(Θ = 0,∆,L )/K(−,−)(Θ = 0,∆,L ) hardly changes as
a function of L and basically is in agreement with the DA ra-
tio K(+,−)(Θ = 0,∆→ 0,L )/K(−,−)(Θ = 0,∆→ 0,L ) =−4
in d = 4.
Although we have analyzed the dependence of K(±,−) on L
only for a single value of ∆, we expect this behavior to carry
over to smaller values ∆. 1. Moreover, since at T = Tc (i.e.,
Θ= 0), the critical Casimir force exhibits its longest range, we
also expect the deviations of the scaling functions from their
corresponding values for L → ∞ to be less pronounced for
nonzero values of Θ, so that the investigated example probes
the strongest influence of the finite length of the cylinder with
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FIG. 5. Reduced scaling functions K(±,−)(Θ,∆,L )/|∆(+,+)| of the
normal critical Casimir force for (+,−) (top) and (−,−) (bottom)
BCs as a function of the rescaled length L = L/
√
RD of the col-
loid. K(±,−) are shown for the specific choices ∆ = 1 and Θ = 0
in order to test a limiting case with a view on the applicability of
the DA. Indeed, for small values of L , the full MFT scaling func-
tions significantly deviate from their asymptotic values K(±,−)(Θ =
0,∆ = 1,L →∞)/|∆(+,+)| for an infinitely extended cylinder shown
as solid horizontal lines. However, for L & 4, they agree within 15%
with the limiting values, which are approached ∝ L −1 as shown by
the thick solid curves. Via least-square fits, for the present data we
have obtained the universal MFT amplitudes κ− = −1.1± 0.2 and
κ+ = 4.2± 0.3 (see Eq. (14)) describing this asymptotic approach.
The DA limits for ∆ → 0 (dashed horizontal lines) are independent
of the value of L because within DA the effects of the cylinder ends
are neglected.
respect to the reliability of the DA.
From our analysis above we conclude that the DA pro-
vides a rather reliable approximation for the scaling functions
K(±,−)(Θ,∆,L ) for both (±,−) BCs for a wide range of pa-
rameters, which happen to be the relevant ones for experi-
ments involving colloids in binary liquid mixtures [32, 44].
In particular, the DA agrees rather well with the actual, full
MFT data in the mixed state of the binary liquid at t > 0,
for distance-to-radius ratios ∆. 1/3, as well as for elongated
cylinders L & 4. We expect these parameter ranges concern-
ing the reliability of the DA to carry over accordingly to d = 3.
Thus, in our subsequent analyses we make use of the DA in or-
der to predict the critical Casimir interaction between a cylin-
drical colloid and a chemically patterned substrate with even
richer geometrical features.
9IV. CHEMICAL STEP
In this section we consider a cylindrical particle with (b)
BC near a planar substrate patterned with a single chemical
step such that it exhibits (a<) BC for x < 0 and (a>) BC for
x ≥ 0 along the lateral direction x (see Fig. 1(c)). The axis of
the colloid is taken to be always parallel to the substrate sur-
face. The projection of the position of the center of the cylin-
der with respect to the x direction is denoted by X , so that for
X = 0 the center of the cylinder is located directly above the
chemical step. Whereas in Ref. [44] the analysis of the critical
Casimir force has been limited to an infinitely extended cylin-
der aligned parallel to the chemical step, i.e., perpendicular
to the x direction, here we consider rotations of the cylinder
by an angle α with respect to the chemical step and discuss
the dependence of the critical Casimir force on the cylinder
length. As a result of the dependence on the rotation angle α ,
a critical Casimir torque emerges. For a chemically homoge-
neous colloid surface, due to the underlying symmetry α can
be limited to the range [0,pi/2] without loss of generality.
A. Normal critical Casimir force and critical Casimir potential
As an extension of the preceding section the normal critical
Casimir force acting on a cylindrical colloid near a chemical
step takes the following scaling form (compare Eq. (5)):
Fs(X ,α,D,R,L,T ) = kBT
LR1/2
Dd−1/2
Ks(Ξ,α,Θ,∆,L ), (15)
where Ξ = X/
√
RD is the scaling variable corresponding to
the lateral position of the cylinder. Following the line of ar-
guments in Ref. [44] it is useful to introduce the following
decomposition:
Ks(Ξ,α,Θ,∆,L ) =
K(a<,b)(Θ,∆,L )+K(a>,b)(Θ,∆,L )
2
+
∆K(Θ,∆,L )
2
ψ(a<|a>,b)(Ξ,α,Θ,∆,L ), (16)
where
∆K(Θ,∆,L )≡ K(a<,b)(Θ,∆,L )−K(a>,b)(Θ,∆,L ) (17)
is the difference between the scaling functions corresponding
to the cases of the cylinder being located far away either to the
left (<) or to the right (>) from the chemical step. The scaling
function ψ(a<|a>,b) crosses over from +1 at Ξ→−∞ to −1 at
Ξ→+∞ such that the scaling functions of the laterally homo-
geneous substrates are recovered far from the step. Accord-
ingly, the critical Casimir potential Φs(D) ≡
∫
∞
D dD′ Fs(D′)
can be written as (compare Eq. (6))
Φs(X ,α,D,R,L,T ) = kBT
LR1/2
Dd−3/2
ϑs(Ξ,α,Θ,∆,L ) (18)
with
ϑs(Ξ,α,Θ,∆,L ) =
ϑ(a<,b)(Θ,∆,L )+ϑ(a>,b)(Θ,∆,L )
2
+
∆ϑ (Θ,∆,L )
2
ω(a<|a>,b)(Ξ,α,Θ,∆,L ), (19)
where
∆ϑ (Θ,∆,L )≡ ϑ(a<,b)(Θ,∆,L )−ϑ(a>,b)(Θ,∆,L ) (20)
is the difference between the scaling functions of the later-
ally homogeneous substrates which are attained for X →±∞.
Thus, ω(a<|a>,b) also crosses over from +1 at Ξ →−∞ to −1
at Ξ→+∞.
Similar to Eqs. (9) and (10), valid for a
homogeneous substrate, the scaling function
ϑs(Ξ,α,Θ,∆,L ) of the potential in Eq. (18) can be ex-
pressed in terms of the scaling function Ks(Ξ,α,Θ,∆,L ) of
the critical Casimir force
ϑs(Ξ,α,Θ,∆,L ) =
∞∫
1
dz Ks(Ξ/
√
z,α,zΘ,z∆,L )
zd−1/2
(21)
and vice versa
Ks(Ξ,α,Θ,∆,L ) =(d−3/2)ϑs(Ξ,α,Θ,∆,L )
+
Ξ
2
∂
∂Ξ ϑs(Ξ,α,Θ,∆,L )
−Θ ∂∂Θ ϑs(Ξ,α,Θ,∆,L )
−∆ ∂∂∆ ϑs(Ξ,α,Θ,∆,L ). (22)
Within the limit ∆ → 0, the DA can be carried out semi-
analytically. Whereas this does not hold in general, within
DA the scaling functions ψ(a<|a>,b) and ω(a<|a>,b) are inde-
pendent of the choice of (a<), (a>), and (b) in the case
of symmetry-breaking BCs (±) and vanishing bulk field.
Thus, the different choices of the BCs (a<|a>,b) are re-
flected in the scaling function Ks of the force [Eq. (16)] via
∆K. For {(+|−,−),(−|+,+)} one has ∆K > 0 and for
{(+|−,+),(−|+,−)} one has ∆K < 0. In Ref. [39] a com-
parison has been carried out between the DA and full MFT
results for the case of a spherical colloid in d = 4 opposite to
a substrate with a chemical step. Although the full MFT re-
sults do not exhibit the exact antisymmetric shape of the DA
results, it turns out that for ∆< 1/3 they are in agreement with
the DA on a quantitative level. However, in order to indicate
the general dependence on the BCs, in the remainder we keep
the index (a<|a>,b) of the scaling functions.
Within DA, the scaling functions ψ(a<|a>,b)
and ω(a<|a>,b) are, by construction, odd func-
tion with respect to the lateral position Ξ, so that
ψ(a<|a>,b)(Ξ < 0, . . .) = −ψ(a<|a>,b)(|Ξ|, . . .) and
ω(a<|a>,b)(Ξ < 0, . . .) = −ω(a<|a>,b)(|Ξ|, . . .). It follows
that ψ(a<|a>,b)(Ξ = 0, . . .) = ω(a<|a>,b)(Ξ = 0, . . .) = 0. This
implies that for the case of a particle positioned at Ξ = 0,
within DA, Eq. (16) yields the scaling function Ks of the force
acting on the particle:
Ks(Ξ = 0,α,Θ,∆ → 0,L )
=
K(a<,b)(Θ,∆→ 0,L )+K(a>,b)(Θ,∆ → 0,L )
2
. (23)
Similarly Eq. (19) yields the scaling function ϑs of the poten-
tial:
ϑs(Ξ = 0,α,Θ,∆ → 0,L )
=
ϑ(a<,b)(Θ,∆ → 0,L )+ϑ(a>,b)(Θ,∆ → 0,L )
2
, (24)
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which is a consequence of the assumption of additivity of the
forces underlying the DA.
The scaling function ψ(a<|a>,b) of the critical Casimir force
within DA reads (see Appendix A and Ref. [73] for an in-
depth discussion of the derivation)
ψ(a<|a>,b)(Ξ > 0,α,Θ,∆ → 0,L ) =−|ε|ψ
‖
(a<|a>,b)(Ξ1,Θ)
+(ε +1)ψ‖
(a<|a>,b)(Ξ2,Θ)
+
2cot |α|
L ∆K(Θ,∆,L )
×
∫ 1+Ξ22/2
1+Ξ21/2
dβ β−d∆k(βΘ),
(25)
where ∆k = k(a<,b)−k(a>,b) is the difference between the scal-
ing functions of the critical Casimir force acting on two planar
walls with (a<,b) and (a>,b) BCs, respectively [Eq. (1)]. The
quantities ε , Ξ1, and Ξ2 are abbreviations for
ε ≡ |Ξ|
L sin |α| −
1
2
,
Ξ1 ≡L |ε| tan |α|= (signε)
{ |Ξ|
cosα
− L sin|α|
2cosα
}
,
Ξ2 ≡L (ε +1) tan |α|=
Ξ
cosα
− L sin|α|
2cos α
. (26)
They describe the overlap between the projection of the
cylinder axis onto the substrate and parts of the chemical step
(see also Fig. 12 in Appendix A). In Eq. (25) ψ‖(a<|a>,b) cor-
responds to the scaling function for the critical Casimir force
of a non-rotated cylinder (α = 0) with (b) BC in front of a
chemical (a<|a>) step which is given by [44]
ψ‖
(a<|a>,b)(Ξ > 0,Θ) =
−1+
√
2
∫
∞
1+Ξ2/2
dβ (β −1)− 12 β−d∆k(Θβ )
∆K(Θ,∆ → 0,L ) . (27)
Accordingly, the scaling function ω(a<|a>,b) of the critical
Casimir potential can be found by integrating over the critical
Casimir force using Eqs. (11), (16), (17), (21), (25), and (27),
so that [compare Eq. (12)]
ω(a<|a>,b)(Ξ > 0,α,Θ,∆ → 0,L ) =−|ε|ω
‖
(a<|a>,b)(Ξ1,Θ)
+(ε +1)ω‖
(a<|a>,b)(Ξ2,Θ)
+
2cot |α|
L ∆ϑ (Θ,∆→ 0,L )
× Iω (Ξ1,Ξ2,Θ), (28)
where
ω
‖
(a<|a>,b)(Ξ > 0,Θ) =
−1+
Ξ3
∫
∞
1
dβ (√β −1)(1+βΞ2/2)−d∆k([1+βΞ2/2]Θ)
∆ϑ (Θ,∆→ 0,L ) ,
(29)
is the scaling function for the critical Casimir potential of a
non-rotated cylinder with (b) BC in front of a (a<|a>) step,
and
Iω (Ξ1,Ξ2,Θ) =
∫ 1+Ξ22/2
1+Ξ21/2
dβ (β−d+1−β−d)∆k(βΘ)
− Ξ
2
1
2
∫
∞
1+Ξ21/2
dβ ∆k(βΘ)β d +
Ξ22
2
∫
∞
1+Ξ22/2
dβ ∆k(βΘ)β d . (30)
Using partial integration, it turns out that Iω can be ex-
pressed also as
Iω(Ξ1,Ξ2,Θ) =
∫ 1+Ξ22/2
1+Ξ21/2
dβ
∫
∞
β
dγ γ−d∆k(γΘ). (31)
Moreover, for α = 0 the scaling functions ψ(a<|a>,b) and
ω(a<|a>,b) reduce to the corresponding expressions for a non-
rotated cylinder with its axis parallel to the chemical step, i.e.,
ψ‖
(a<|a>,b) and ω
‖
(a<|a>,b), respectively [81]. Thus, within DA,
ψ‖
(a<|a>,b) and ω
‖
(a<|a>,b) are also odd functions of Ξ.
For α = pi/2, i.e., the cylinder axis being aligned perpen-
dicular to the chemical step, we find ε = |Ξ|/L − 1/2 and
ψ(a<|a>,b)(Ξ ≷ 0,α = pi2 ,Θ,∆→ 0,L ) =
ω(a<|a>,b)(Ξ≷ 0,α =
pi
2 ,Θ,∆ → 0,L ) =∓1∓E(ε) with
E(ε) =
{
0, ε ≥ 0
2ε, ε < 0
}
(32)
and E(ε) Ξ→±∞−−−−→ 0, which follows from Eqs. (25) - (27) and
Eqs. (28) - (30), respectively.
Thus, for α = pi/2 the scaling functions for both the nor-
mal critical Casimir force and for the corresponding potential
interpolate as a function of Ξ linearly between the two scal-
ing functions of the laterally homogeneous substrates. Within
DA, these two scaling function become valid for X ≥ L/2 and
X ≤−L/2, respectively.
Note that although, according to Eq. (32), for α = pi/2
ψ(a<|a>,b) and ω(a<|a>,b) are identical, they contribute to the
corresponding scaling functions of the critical Casimir force
[Eq. (16)] and potential [Eq. (19)] with different prefactors
∆K(Θ,∆ → 0,L )/2 and ∆ϑ(Θ,∆ → 0,L )/2, respectively.
In Appendices B and C we provide explicit expressions for
the scaling functions ψ(a<|a>,b) and ω(a<|a>,b) for the special
cases Θ = 0 and Θ ≫ 1, respectively, for which the corre-
sponding integrations in Eqs. (25) and (28) can be carried out
analytically.
The scaling function ω(a<|a>,b) of the potential as obtained
within the DA in d = 3 is shown in Fig. 6(a) for Θ = 0, i.e., at
the bulk critical point and in Fig. 6(b) for Θ= 8 corresponding
to a higher temperature. Within the DA, a cylindrical particle
oriented perpendicular to the chemical step (α = pi/2) inter-
acts with the chemical step only for positions |X |< L/2. The
overlap of the particle projection with the chemical step varies
linearly with the position X, which leads as a function of Ξ to
a linear interpolation between +1 and −1 of the scaling func-
tion ω(a<|a>,b) [Eq. (32)]. Due to the DA, for α = pi/2 there
is a non-analyticity at |X | = L/2. For orientations α < pi/2,
the interaction potential is smoothened due to the curved sur-
face of the cylinder. As can be inferred from Fig. 6(a), for
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FIG. 6. Scaling function ω(a<|a>,b) [Eqs. (18) – (20) and (28) –(30)] of the critical Casimir potential as obtained within the DA for
d = 3 as a function of the lateral particle position X in units of the
length L of the cylindrical colloidal particle. The scaling function
ω(a<|a>,b) is shown for four angles α , a fixed value L = 4, and
Θ = 0 in (a), as well as Θ = 8 in (b). The BCs are chosen such
that (a<) = (+), (a>) = (−), and (b) = (−), i.e., we specifically de-
pict ω(+|−,−), which within the DA is identical to the other possible
choices of (±) BCs. For α = pi/2 the potential linearly interpo-
lates between its homogeneous counterparts and is equal to them for
|X |/L> 0.5 [Eq. (32)], whereas for non-perpendicular orientations of
the cylinder relative to the chemical step the potential is smoothened.
The expressions found within DA depend on the scaling functions
∆k = k(a<,b)− k(a>,b) of the force for the film geometry, except for
Θ = 0. For all plots in d = 3, the input of these film scaling functions
is taken from the Monte Carlo estimates referred to as “approxima-
tion (i)” in Figs. 9 and 10 of Ref. [23]. We note that the corresponding
analytic approximations for Θ ≫ 1 given in Eq. (C2) in Appendix C
fall on top of the data shown for Θ = 8 in (b).
Θ = 0 as a function of the colloid position the transition from
the repulsive to the attractive side of the substrate is rather
smooth for all orientations α of the cylinder (see Eq. (B3) in
Appendix B). On the other hand, for the case Θ = 8 shown
in Fig. 6(b) the system is far away from criticality so that the
force for the film geometry decays exponentially [Eq. (2)] and
the crossover of ω(a<|a>,b) between +1 and −1 for α < pi/2
is steeper as compared with the one seen in Fig. 6(a). From
our analysis for (±,−) BCs we find that for Θ& 4 the numer-
ically obtained scaling functions based on Monte-Carlo data
for the film geometry [23] are in good agreement with the
corresponding approximation for Θ ≫ 1 given in Eq. (C2) in
Appendix C.
B. Critical Casimir torque
Since the critical Casimir potential depends on the angle
α between the axis of the cylinder and the chemical step, a
critical Casimir torque τs acting on the particle arises. The
torque is a vector in the direction of the substrate normal with
τs =
d
dα Φs as the only nonzero component. The orientation of
the particle being parallel to the chemical step corresponds
to α = 0◦, while an orthogonal orientation corresponds to
α = 90◦, so that a positive torque τs, i.e., an increase of Φs
upon an increase of α , leads to a preferred parallel alignment
and negative torques to the preference of the perpendicular
orientation.
Based on Eq. (18), the critical Casimir torque acting on
the cylindrical particle can be written in the following scal-
ing form:
τs(X ,α,D,R,L,T) = kBT
LR1/2
Dd−3/2
Ms(Ξ,α,Θ,∆,L ), (33)
where the scaling function Ms is given by [Eqs. (19) and (20)]
Ms(Ξ,α,Θ,∆,L ) =
∆ϑ (Θ,∆,L )
2
d
dα ω(a<|a>,b)(Ξ,α,Θ,∆,L ).(34)
In Appendix D we determine Ms for ∆ → 0 within DA:
Ms(Ξ≷ 0,α,Θ,∆ → 0,L ) =∓ 1
sin2 α{
1
L
Iω (Ξ1,Ξ2,Θ)+
∆ϑ (Θ,∆→ 0,L )
2
|Ξ|
L
cosα
×
[
ω
‖
(a<|a>,b)(Ξ2,Θ)− sign(ε)ω
‖
(a<|a>,b)(Ξ1,Θ)
]}
. (35)
From Eq. (34) we infer that the critical Casimir torque is also
an odd function of Ξ and the signs in Eq. (35) are deter-
mined by sign(Ξ) following from the definition of ω(a<|a>,b)
in Eq. (19). Note that in general Iω , ∆ϑ , and ω‖ depend
on the choice of BCs (a<), (a>), and (b), whereas within
DA ω‖ does not. The dependence on the relative position
X/L = Ξ/L is illustrated in Fig. 7 where we present the scal-
ing function Ms as obtained within the DA for d = 3 as a func-
tion of the rotation angle α with the temperature fixed at its
critical value, i.e., Θ = 0. The relative position X/L = Ξ/L
is independent of the aspect ratio L/R = L
√
∆ of the parti-
cle; therefore the shape of the particle affects the torque only
through the scaling variable L = L/
√
RD. For negative val-
ues of Ξ, the scaling function can be obtained via a point re-
flection, i.e., Ms(Ξ < 0, · · ·) =−Ms(−Ξ, · · ·).
Our results show that for large aspect ratios L/R (i.e.,
rod-like particles), for which L ≫ 1, the torque acting on
the colloid is positive for 0 < X/L = Ξ/L < 0.5 and basi-
cally vanishes for X/L = Ξ/L > 0.5 for all rotation angles
α ∈ [0,pi/2]. As can be seen in Fig. 7(a) for a particle with
L = 10, the torque vanishes when the particle is orientated
parallel (α = 0◦) or perpendicular (α = 90◦) relative to the
chemical step on the substrate. For X/L> 0, the torque is pos-
itive and reaches a maximum value at an intermediate angle,
so that the orientation with α = 0 is stable against rotations of
the particle, whereas the perpendicular orientation is unstable
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FIG. 7. Scaling function Ms(Ξ,α,Θ = 0,∆ → 0,L ) for the torque
in d = 3 spatial dimensions as obtained within the DA [Eq. (35)] as
a function of the orientation α of the colloid relative to a chemical
step [Fig. 1(c)]. The suitably normalized scaling function is shown
for three different aspect ratios of the cylindrical colloids, i.e., for
L = L/
√
RD = 10 in (a), for L = 4 in (b), and for L = 2 in (c)
as well as for various lateral distances Ξ/L = X/L > 0 from the
chemical step. For negative values of Ξ, the scaling function can be
obtained via a point reflection, i.e., Ms(Ξ < 0, · · · ) =−Ms(−Ξ, · · · ).
The solvent is considered to be at its bulk critical point Θ = 0. For
rod-like particles as in (a), we find for 0 < X/L = Ξ/L < 0.5 the
torque to be always positive, which leads to a preferred alignment
parallel to the chemical step, as sketched right next to the graph. On
the other hand for disk-like particles, as for L = 2 in (c), the torque
is negative for positive values of X/L, so that the colloid self-aligns
perpendicular to the chemical step, as indicated in the sketch next
to the graph. For the intermediate case L = 4 in (b) we find both
negative and positive values of the critical Casimir torque for X/L >
0, depending on the lateral position of the colloid. (The sketches next
to the graphs correspond to aspect ratios L/R = L
√
∆ obtained for
∆ = D/R = 0.25.)
and thus the rod-like particles with L = 10 prefer to orien-
tate themselves parallel to the chemical step. For X/L < 0,
due to its above mentioned antisymmetry, the torque is nega-
tive, so that in this case the orientation with α = 90◦ is stable
against rotations of the particle, whereas the parallel orienta-
tion becomes unstable, in contrast to the case X/L > 0. As
shown in Fig. 7(b), for smaller aspect ratios L/R and L ≃ 4
the torque changes sign upon varying the position Ξ/L of
the colloid. The torque is positive if the particle is close to
the step and the maximal strength of the torque first increases
with the relative position Ξ/L , but then decreases and finally
the torque changes into the opposite direction. This sensitiv-
ity of the orientation with respect to the geometrical features
is due to the comparable length scales of the particle length L
and the radius R. For disk-like particles with L . 2 as shown
in Fig. 7(c), we find that for X/L > 0 the torque is mostly
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FIG. 8. Planar nematic order parameter S [Eq. (36)] for a cylindrical
colloid close to a chemical step as obtained within the DA for d = 3
and ∆ = D/R = 1/4 as a function of the lateral particle position X
in units of its length L. The solvent is taken to be at its bulk critical
point Θ = 0. For rod-like particles with L = 10 in (a), upon increas-
ing X the nematic order parameter S changes abruptly from S ≃ −1
to S ≃+1 at Ξ = 0, corresponding to a change from a preferred col-
loid orientation perpendicular to the step to an orientation parallel to
the step. Both configurations are very stable against thermal fluctua-
tions. At |Ξ/L | ≃ 0.5 in (a) S again changes sign but it attains only
small values for |Ξ/L | > 0.5, corresponding to a weak preference
of the colloid orientation, and tends to a uniform angular distribu-
tion (S = 0) for |Ξ/L | & 1. For a shorter cylinder with L = 4, in
(b) the behavior for small values of |Ξ/L | is similar as in (a), but
the alignment at |Ξ/L | ≃ 0.5 becomes very pronounced; S is close
to −1 for Ξ/L = 0.5 which corresponds to a strong orientational
alignment of the cylinder perpendicular to the chemical step. For
disk-like particles with L = 2, L = 2.25, and L = 2.5 the behav-
ior of S is different. Upon lowering L the order parameter extrema
close to Ξ/L = 0 disappear and the angular distribution becomes
almost uniform (i.e., |S| is small). On the other hand the alignment
at |Ξ/L | ≃ 0.5 is pronounced, but with the opposite preference of
the orientations as compared with the case L = 10 and |Ξ/L |< 0.5
in (a). The sketches next to the graphs, correspond to aspect ratios
L/R = L
√
∆ = L /2.
negative for all orientations of the particle, so that in this case
the perpendicular orientation is the preferred one, whereas for
X/L < 0 the torque is positive and the parallel colloidal ori-
entation is the preferred one. Our results obtained within the
DA for L = 2 indicate a change of sign of the critical Casimir
torque at angles α = α0 & 70◦ for 0.1 < Ξ/L < 0.5. How-
ever, for larger values of α > α0 the magnitude of the scaling
function Ms is very small compared with the Casimir ampli-
tude |∆(+,+)|.
In order to analyze the rotational orientation of the cylinder
and its statistical characteristics with respect to thermal fluctu-
ations in more detail, we investigate the planar nematic order
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parameter S defined as [82, 83]
S ≡ 〈cos(2α)〉 = 1
N
pi/2∫
0
dα cos(2α)exp
{
−Φs(X ,α,D,R,L,T )
kBT
}
,
(36)
where the normalization constant is given by N =∫ pi/2
0 dα exp{−Φs(X ,α,D,R,L,T )/kBT}. S = 1 corresponds
to perfect alignment of the cylindrical colloid parallel to the
chemical step (α = 0), whereas S = −1 corresponds to per-
fect alignment perpendicular to the step (α = 90◦). Isotropic
orientation is characterized by S = 0. In Fig. 8 the nematic
order parameter S as obtained within the DA for Ξ = 0 and
∆ = 1/4 is shown for the same values of L as in Fig. 7 as a
function of the relative position X/L = Ξ/L . As can be in-
ferred from Fig. 8(a), a rod-like particle with L = 10 exhibits
a strong rotational alignment when its center is close to the
chemical step. Whereas for −0.5. Ξ/L < 0 the cylinder is
strongly aligned perpendicular to the step due to the critical
Casimir torque, it abruptly changes orientation upon crossing
the chemical step at Ξ = 0. For 0 < Ξ/L . 0.5 the cylinder
is aligned parallel to the step, exploiting fully the attractive
critical Casimir interaction between surfaces of same chemi-
cal preference. At |Ξ/L | ≃ 0.5 the nematic order parameter
S again changes its sign. However, for 0.5 . |Ξ/L | . 1 the
magnitude of S is rather small and vanishes for |Ξ/L | ≃ 1,
corresponding to a uniform angular distribution.
For a reduced cylinder length L = 4, the change of the
sign of S at |Ξ/L | ≈ 0.5 becomes much more pronounced
[see Fig. 8(b)]. Whereas close to the chemical step at Ξ = 0
the behavior of the order parameter S resembles the one for
L = 10 in Fig. 8(a) (but less abruptly), a strong orientational
alignment of the cylinder perpendicular to the step (S = −1)
develops at Ξ/L ≃ 0.5. In addition for Ξ/L . −0.5 the
degree of orientational order is higher than the corresponding
one of the rod-like particle with L = 10 in Fig. 8(a). Thus,
as a function of its lateral position a cylindrical particle of
reduced length L = 4 exhibits various changes of its preferred
orientation parallel or perpendicular to the chemical step.
For even smaller values of L , i.e., disk-like particles, the
strong orientational alignment close to Ξ/L = 0 disappears in
that the nematic order parameter S aquires a small amplitude,
as can be inferred from Fig. 8(c). In addition, S flips upon
lowering L , such that for L = 2 the particles align with their
axis parallel to the step for Ξ < 0 and perpendicular to it for
Ξ > 0. Moreover, the change between these two orientations
as function of Ξ is much smoother as compared with the case
of rod-like particles in Fig. 8(a). This is due to the relatively
small strength of the critical Casimir torque for small values of
Ξ/L , as shown in Fig. 7(c). A change of sign of Ms(α) and
the accompanying reversal of stability of the corresponding
configurations signal the presence of competing minima in the
free energy landscape. For Fig. 8(c) those are very shallow
in units of kBT and therefore easily washed out by thermal
fluctuations.
For a disk-like particle with a reduced length L = 2 Fig. 9
illustrates the temperature dependence of the orientational or-
der parameter profile S(X/L) by comparing the system at
bulk criticality Θ = 0 [Fig. 9(a)] and off criticality Θ = 3
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FIG. 9. Planar nematic order parameter S [Eq. (36)] for a cylindri-
cal colloid close to a chemical step as obtained within the DA for
d = 3, ∆ = D/R = 1/4, and L = 2 as a function of the lateral par-
ticle position X in units of its length L. For such a disk-like particle
we find a preferred parallel [perpendicular] orientation of the parti-
cle axis relative to the chemical step for Ξ/L < 0 [Ξ/L > 0] at the
bulk critical point (Θ = 0) in (a) [same as in Fig. 8(c)]. On the other
hand, for a high temperature corresponding to Θ = 3 in (b), the ne-
matic order parameter changes sign at Ξ= 0 and |Ξ/L | ≈ 0.4. Thus,
for |Ξ/L |. 0.4 the preferential orientation of the disk-like particle
switches upon varying temperature.
[Fig. 9(b)]. As discussed above in Fig. 8(c), in Fig. 9(a)
for Θ = 0 the critical Casimir torque leads to a preferential
alignment of the cylinder axis parallel to the chemical step for
Ξ < 0 and perpendicular to the step for Ξ > 0. However, for
Θ = 3 in Fig. 9(b) the nematic order parameter S changes sign
at Ξ = 0 and at |Ξ/L | ≈ 0.4. Thus, whenever the perpen-
dicular [parallel] orientation is the preferred one at the bulk
critical point for |Ξ/L | . 0.4 as sketched in Fig. 9(a), the
disk-like colloid prefers a parallel [perpendicular] orientation
at higher temperatures as sketched in Fig. 9(b). Accordingly,
the orientation of a disk-like colloid near a chemical step can
be reversibly and continuously switched by minute tempera-
ture changes. We attribute this behavior to the fact that the
ratio of the strengths of the critical Casimir forces in the film
geometry for (+,−) and (−,−) BCs varies as function of Θ.
Whereas close to Tc the critical Casimir force for (+,−) BCs
is much stronger than for (−,−) BCs, both become compa-
rable in strength for Θ ≫ 1 (see also the different scales in
Figs. 2 and 3). However, the maximal absolute value of the
nematic order parameter S for Θ = 3 in Fig. 9(b) is rather
small so that the degree of orientational order is low. Upon in-
creasing Θ the nematic order parameter S vanishes gradually
and the angular distribution of the colloids becomes uniform.
We note that within the DA the range of the effective in-
teraction of the colloid with the substrate along the direction
normal to the cylinder axis tends to be overestimated due to
the parabolic distance approximation in Eq. (4). However, this
is less important far away from criticality because the scaling
function of this potential decays exponentially with respect to
the surface-to-surface distance between the particle and the
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substrate, and within DA contributions of surface elements
at the ends of the cylinder become negligible. On the other
hand, within DA we expect the torque to be underestimated
in the regime of disk-like particles, similar to the normal crit-
ical Casimir force as discussed above. However, the ratio of
the forces K(+,−)(Θ = 0,∆,L )/K(−,−)(Θ = 0,∆,L ) is main-
tained constant even for small values of L ∼ 1 (see Fig. 5).
Thus, we expect that these deficiencies of the DA do not af-
fect the sign of the torque and the qualitative results for the
particle orientation presented above for L ≥ 2, concerning
the distinct behavior of rod-like and disk-like particles.
V. JANUS CYLINDER CLOSE TO A PERIODICALLY
STRIPED SUBSTRATE
Knowledge of the critical Casimir potential of a cylinder
near a chemical step allows one, within DA, to describe more
complex geometrical features of the chemical boundary con-
ditions on the substrate and on the colloid. Here, we consider a
pattern of chemical stripes, which are alternating periodically
along the x direction. The pattern consists of stripes of width
L1 with (a1) BC neighboring stripes of width L2 with (a2)
BC such that the periodicity is given by P = L1 + L2. The
coordinate system is chosen such that x = 0 corresponds to
the lateral center of a stripe with (a1) BC. Due to the assumed
additivity of the forces underlying the DA, within this approx-
imation the critical Casimir potential of a Janus particle as in
Fig. 1(d) with its center located at a lateral position x = X at a
distance D from such a patterned substrate can be constructed
by considering two homogeneous cylinders of half the parti-
cle length L/2 and summing their scaling functions given in
the preceding section. We consider this case as an example of
certain experimentally relevant geometries, which are difficult
to treat even within MFT.
The critical Casimir potential Φp acting on a Janus cylinder
exhibits the following scaling form:
Φp(L1,P,X ,α,D,R,L,T) = kBT
L R1/2
Dd−3/2
ϑp(Λ,Π,Ξ,α,Θ,∆,L ),
(37)
where Λ = L1/
√
RD and Π = P/
√
RD are, compared with the
single chemical step, two additional scaling variables describ-
ing the stripe width and the periodicity, respectively, and ϑp
is the corresponding universal scaling function.
Since the stripe pattern and the surface of the Janus particle
are combinations of the (+) and (−) BCs it is convenient to
follow Eq. (19) and introduce the normalized scaling function
ωp(Λ,Π,Ξ,α,Θ,∆,L ) ∈ [−1,1] such that
ϑp(Λ,Π,Ξ,α,Θ,∆,L ) =
1
2
(ϑ(−,−)(Θ,∆,L )+ϑ(+,−)(Θ,∆,L ))
+
1
2
∆ϑ (Θ,∆,L )ωp(Λ,Π,Ξ,α,Θ,∆,L ).
(38)
Without loss of generality, here we limit the rotation angle α
between the chemical steps of the stripes and the axis of the
Janus cylinder to the range α ∈ [−pi/2,pi/2] (see Fig. 10).
Moreover, we restrict ourselves to the symmetry-breaking
BCs (a1) = (−) and (a2) = (+) on the substrate as well as
on the two halves of the Janus cylinder. We note that, within
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FIG. 10. Scaling function of the critical Casimir potential
ωp(Λ,Π,Ξ,α,Θ = 0,∆→ 0,L ) [Eq. (39)] within DA for d = 3 and
Θ= 0 acting on a Janus cylinder with opposite (+) and (−) BCs (red
and blue areas, respectively) and of reduced length L = L/√RD =
20 near a chemically patterned substrate. The substrate is period-
ically patterned with (a1) = (−) BC on one kind of stripes (white
areas) and (a2) = (+) BC on the other kind of stripes (shaded areas).
Due to this choice of the BCs, the red (blue) part of the Janus cylinder
is attracted by the shaded (white) stripes and repelled by the others.
The geometry of the pattern is characterized by Π = P/
√
RD = 5
and Λ = L1/
√
RD = 5/2, where L1 = L2 = P/2 = L/8 is the width
of the stripes. The Janus cylinder, located at lateral position X (so
that X = 0 corresponds to the center of a stripe with (−) BC), is
rotated by an angle α ∈ [−pi/2,pi/2] relative to the translationally
invariant direction of the stripes. The normalized scaling function
ωp ∈ [−1,1] is shown in (a) as a function of α for the two colloid
positions X = 0 (Ξ = 0, yellow curve) and X = P/4 (Ξ = 5/4, green
curve and illustrated by the sketched cylinder). The greyish curves
are semi-circles around the green dot. Accordingly, for each point
on the green line one can infer the corresponding angle α by draw-
ing the green arrow footed at X 6= 0. Consequently, the angles be-
longing to points on the yellow line can be read off from the yellow
arrow which, however, is footed at X = 0. Thus green and yellow
data points belonging to the same angle α are not radially connected.
Since ωp(X = 0) = 0, as explained in the main text, the yellow line
coincides with the semi-circle around the green dot corresponding to
the zero of ωp. In (b) the angularly averaged value ω p(X) of ωp for
orientations α ∈ [0,pi/2] is shown in red. For the other scaling vari-
ables fixed, ω p represents the critical Casimir potential as function
of the lateral colloid position X , independent of the orientation of the
colloid. This average exhibits extrema at the edges of the chemical
stripes. The sketched Janus particle corresponds to the configuration
of minimal energy both with respect to its orientation (see the green
line) and its lateral position (see the red line).
DA, ωp is independent of this particular choice of BCs.
Within the DA, the scaling functions for the critical Casimir
force and the corresponding potential can be constructed via
suitably adding and subtracting scaling functions for the step
geometry, analogous to the case of a sphere as described in de-
tail in Ref. [44]. For the sake of brevity, we focus on the nor-
malized scaling function ωp [Eq. (38)] of the critical Casimir
potential:
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ωp(Λ,Π,Ξ,α,Θ,∆ → 0,L ) =
∞
∑
n=−∞{
ω(+|−,−)
(
Ξ− L2 sin(α)+nΠ+ Λ2 ,α,Θ,∆ → 0, L2
)
−ω(+|−,−)
(
Ξ+ L2 sin(α)+nΠ+
Λ
2 ,α,Θ,∆ → 0, L2
)
−ω(+|−,−)
(
Ξ− L2 sin(α)+nΠ− Λ2 ,α,Θ,∆ → 0, L2
)
+ω(+|−,−)
(
Ξ+ L2 sin(α)+nΠ− Λ2 ,α,Θ,∆ → 0, L2
)}
.
(39)
The sum over ω(+|−,−)(Ξ,α,Θ,∆,L ) [Eq. (28)] with appro-
priate combinations of the first scaling variable takes into ac-
count all stripes from x = −∞ to x = ∞, and considers four
contributions to the potential: the half of the Janus particle
with (−) BC interacting with stripes of (+) and (−) BCs, and
the other half of the Janus cylinder with (+) BC, which also
interacts with stripes of (+) and (−) BCs; here we exploit
the fact that the potentials for (+,+) and (−,−) BCs are the
same.
The resulting scaling function of the potential ωp as ob-
tained within the DA (∆ → 0) for d = 3 and Θ = 0 is shown
in Fig. 10 for a cylinder of reduced length L = 20 and for
a substrate pattern with L1 = L2 and P = L/4, so that Π = 5
and Λ = 5/2. According to our analysis above, for these pa-
rameters we expect the DA to provide a good estimate for the
critical Casimir force.
Within the DA, for a Janus particle located op-
posite to the center of one stripe, i.e., at X = 0,
the scaling function ωp of the criti-
cal Casimir potential comprises terms
ω(+|−,−)
(± ˜Ξ1,2,α,Θ,∆ → 0, L2 ) , where ˜Ξ1 =
L
2 sin(α) + nΠ +
Λ
2 and ˜Ξ2 =
L
2 sin(α) + nΠ − Λ2 .
Since the scaling function ω(+|−,−) is an odd function
of ˜Ξ1,2 and n ∈ Z, there are always two terms in the sum
in Eq. (39) which cancel each other. Therefore, the scaling
function ωp vanishes for Ξ = 0 and thus the critical Casimir
potential does not depend on the orientation of the particle
as shown by the yellow curve in Fig. 10(a). Due to Eqs. (12)
and (38), this corresponds to the potential [Eq. (37)] being the
simple average of the potentials of homogeneous cylinders
near homogeneous substrates:
Φp(L1,P,X = 0,α,D,R,L,T ) =[
Φ(+,+)(D,R,T )+Φ(+,−)(D,R,T )
]
/2. (40)
However, these positions of the colloid center directly above
a stripe center are unstable against lateral shifts, which can
be inferred from, e.g., the yellow square in Fig. 10(b), where
we show the value ω p(Ξ) of the scaling function ωp averaged
over the tilt angles α ∈ [0,pi/2] (red curve). Therefore ω p
describes the orientationally averaged critical Casimir poten-
tial acting on the colloid as a function of its lateral position
X . The critical Casimir potential becomes minimal for parti-
cle positions at the edges of the stripes, e.g., X = L1/2 = P/4,
and with an orientation α > 0 of the Janus particle such that
the overlap of the stripes and of the projected surfaces of the
cylinder with equal BCs is maximal, as shown in Fig. 10 (a)
by the green curve. As a function of α there are also sec-
ondary and higher order local minima of the potential, with
their number increasing for more elongated particles or thin-
ner stripes. From our analysis we find, depending on the parti-
cle length and the stripe periodicity, ⌈L/(2P)⌉ minima, where
⌈. . .⌉ indicates the ceiling function.
Equation (40) is also obtained in the limit Π = P/√RD →
0, so that for (infinitely) narrow stripes the angular depen-
dence of the critical Casimir potential disappears. However,
we note that for relatively narrow stripes one has to expect
significant deviations from the DA due to the increasing in-
terference of the effects of the chemical steps on the order pa-
rameter profile across the stripes. Within MFT in Ref. [44] the
range of validity of the DA has been assessed for the case of a
spherical colloid next to a periodically patterned substrate. In-
deed, in Ref. [41] it has been found within a study based both
on MC simulations and MFT for the film geometry, that very
narrow stripes of alternating (+) and (−) BCs combine to an
effective symmetry-preserving Dirichlet (o) BC. Nonetheless,
for the relatively large value Π = 5 as shown in Fig. 10, we
expect the DA to be reliable.
The critical Casimir potential Φp provides the angular prob-
ability distribution function p(α) ∝ exp(−Φp/(kBT )) charac-
terizing the orientational fluctuations of the cylindrical col-
loid. Distinct from the case of a homogeneous cylinder near
a single chemical step, for which we have found a preference
for either the parallel or the perpendicular orientation, here we
observe local minima of the potential (see the green curve in
Fig. 10). In order to determine both the preferential particle
orientation and the degree of orientational order we calculate
the moments of the angular probability distribution function
as functions of the reduced lateral position Π of the center of
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FIG. 11. Expectation value 〈α〉 (red curve) and the corresponding
standard deviation σα (blue dashed curve) of the angular probabil-
ity distribution function p(α) ∝ exp(−Φp/(kBT )) of the same Janus
cylinder and for the same parameters as in Fig. 10; there the cylinder
is centered at Ξ = Π/4. The dotted blue line denotes the value of
the standard deviation σuni of the uniform distribution, up to which,
in the present system, σα grows for specific scaled lateral positions
close to Ξ = mΠ/2 with m ∈ Z. In the insets the green areas are
limited by the full green curves 〈α〉±σα and visually indicate the
areas of the most probable rotation angles α close the lateral posi-
tions Ξ = 0 and Ξ = Π/2.
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the cylinder:
〈αn〉= 1
N
pi/2∫
−pi/2
dα αn e−
Φp
kBT , (41)
where the normalization constant is given by N =∫ pi/2
−pi/2 dα exp{−Φp/(kBT )}. In the following, we employ
the usual definitions of the expectation value of α as the first
moment 〈α〉 and the standard deviation of the angular distri-
bution σα =
√
〈α2〉− 〈α〉2. For comparison, the expectation
value and the standard deviation of the uniform distribution in
the interval [−pi/2,pi/2] is 〈α〉uni = 0 and σuni = pi/(2
√
3),
respectively. These quantities are depicted in Fig. 11 for the
same parameters and the same geometry as in Fig. 10, i.e.,
for a reduced length L = 20 of the Janus particle and a pe-
riodicity Π = 5 of the stripes. The expectation value 〈α〉 is
shown in red. It is nearly constant for roughly 48% of the
first period (i.e., 48% of the range Ξ ∈ [−Π/4,3Π/4]) and
attains a value 〈α〉 ≈ 0.191 (〈α〉 ≈ 11◦) at Ξ = Π/4. This
nicely agrees with the calculated location α = α0 = 0.192 of
the first minimum as a function of α of the critical Casimir
potential at Ξ = Π/4 and for this particular set of parameters.
For Ξ>Π/2 the resulting graph is the mirror image of that for
0 < Ξ < Π/2. Only within a range of 2% of the interval of the
period Ξ ∈ [−Π/4,3Π/4] the expectation value 〈α〉 deviates
noticeably from either α0 or −α0.
In Fig. 11 the standard deviation σα is plotted as a blue
dashed line. It turns out to be remarkably small for a broad
range of values of Ξ, indicating in that range a very narrow
angular distribution around the expectation value. However,
for positions close to the centers of the stripes, i.e., Ξ = mΠ/2
with m ∈ Z, the standard deviation increases, in the present
system, up to the value of the uniform distribution σuni. Con-
sequently, within this 2% range around the centers of the
stripes the variation of the expectation value 〈α〉 does not in-
dicate a change of the orientation but rather a loss of align-
ment. As a more intuitive visualization, in Fig. 11 we also
draw 〈α〉 ± σα as full green curves, with the encompassed
area shown in light green, indicating the range of the most
probable rotation angles α . This emphasizes that the Janus
particle aligns itself very precisely at a certain angle relative
to the pattern, which depends on the stripe width and period-
icity, but quite insensitive to the lateral position. Only very
close to the center of each stripe the orientation is uniformly
distributed. But this is an unstable configuration, as illustrated
in Fig. 10. When the particle is moved laterally over the pat-
tern by external means, its orientation flips between only two
preferred alignments ±α0.
VI. SUMMARY AND CONCLUSIONS
We have studied the critical Casimir interaction between
a cylindrical colloid of radius R and length L immersed in a
(near-) critical binary liquid mixture and oriented parallel to a
substrate at a surface-to-surface distance D. In particular, we
have focused on several combinations of boundary conditions
(BCs) at the colloid and at the substrate, which are determined
by the generic adsorption preferences of surfaces for one of
the two species of the liquid [Fig. 1]. For chemically homoge-
neous substrates, a force emerges acting on the colloid along
the direction normal to the substrate. This force can be at-
tractive or repulsive, depending on the combination of BCs at
the colloid and substrate surfaces. For chemically inhomoge-
neous surfaces such as for patterned substrates or Janus parti-
cles, lateral forces and torques acting on the particles emerge,
induced by the critical Casimir effect. We have calculated the
universal scaling functions describing these multi-directed ef-
fective interactions by means of the Derjaguin approximation
(DA) in spatial dimension d = 3 (based on Monte Carlo results
for the universal scaling functions in the film geometry with
homogeneous walls) and via mean-field theory (MFT, d = 4).
In the following, we summarize our main findings.
If the colloid and the substrate exhibit the same homoge-
neous adsorption preference [(−,−) BCs, Fig. 1(a)], the criti-
cal Casimir force is attractive. The leading universal behavior
of the critical Casimir force [Eq. (5)] depends on the scaling
variables Θ, ∆, and L given in Eq. (7) and is determined by
a universal scaling function shown in Fig. 2 for an infinitely
elongated colloid. The scaling function derived numerically
within MFT supports the validity of the DA in the limit of
vanishing distance-to-radius ratio ∆ = D/R→ 0, which is ap-
proached uniformly. From the comparison with the full MFT
result we infer that the actual critical Casimir force is stronger
than the corresponding DA expression for all values of ∆ rang-
ing from 1/5 to 6 and for all temperatures, above and below
Tc.
In contrast, for opposite adsorption preferences at the sub-
strate and the colloid [(+,−) BCs, Fig. 1(b)], leading to an
effective repulsion, the MFT scaling function for the critical
Casimir force differs from the DA results even for small values
∆ ≈ 1/5 [Fig. 3]. Whereas in the mixed phase of the solvent
the DA limit is approached uniformly and underestimates the
force, in the demixed state the DA overestimates the strength
of the critical Casimir force significantly. This rich behav-
ior of the MFT scaling functions of the critical Casimir force
qualitatively resembles the one reported recently for spherical
particles and obtained from Monte Carlo simulation data [36].
Within our MFT approach we have obtained the full spatial
dependence of the order parameter profile which describes the
solvent. This has allowed us to interpret these deficiencies of
the DA. For (+,−) BCs and in the demixed state of the liq-
uid an interface forms, which surrounds the colloidal particle
and separates the two phases of the solvent. However, ac-
cording to Figs. 4(a) and 4(b) the DA assumes a location and
shape of this interface in the region of closest approach be-
tween the colloid and the substrate, which in general do not
agree with the actual ones. The original DA therefore fails
to predict reliably the actual behavior of the critical Casimir
force for this case. However, based on the knowledge of the
interface as determined from the MFT order parameter pro-
files, we have presented a modified version of the DA which
within MFT overcomes this deficiency [Eq. (13)]. As shown
in Fig. 4(c), the numerically obtained MFT scaling functions
agree well with this modified DA, which demonstrates that the
aforementioned limitation of the DA is solely due to the shape
of the interface formed around the colloid.
In Sec. III C we have studied the influence of the finite
length of the cylindrical colloid on the critical Casimir inter-
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actions, which for large lengths vanishes ∝ L−1 [Eq. (14)].
Figure 5 shows the dependence of the normal critical Casimir
force on the corresponding scaling variable L = L/
√
RD at
the bulk critical point. From the comparison with the MFT
scaling functions we have concluded that already for L & 4
the large-length limit is attained satisfactorily and is rather
well described by the DA, which intrinsically neglects the ef-
fects of the cylinder ends and thus does not depend on L . We
have concluded that for the parameter ranges ∆. 1/3, L & 4,
and in the disordered phase of the liquid the DA reliably pre-
dicts the universal scaling functions for the critical Casimir
force. We expect this conclusion to carry over to d = 3 as
well. Thus, in Secs. IV and V we focus on this regime.
For a cylindrical colloid exposed to a chemical step where
the adsorption preference of the substrate surface step-like
turns into the opposite [Fig. 1(c)], in Sec. IV we have for-
mulated the corresponding scaling behavior of the critical
Casimir forces acting on the colloid both in normal (Sec. IV)
and in lateral (Appendix E) direction. In particular the corre-
sponding effective interaction potential shows a significant de-
pendence on the angle α between the axis of the cylinder and
the direction of the chemical step, which is shown in Fig. 6 in
d = 3 on the basis of the DA.
This anisotropy induces a critical Casimir torque
[Sec. IV B] acting on the cylindrical particle [Fig. 7].
From our analysis we have found that this torque can align
the colloid parallel or perpendicular to the chemical step, de-
pending on the lateral distance from the step, the combination
of BCs of the substrate and the colloid, as well as its aspect
ratio. In order to analyze the degree of orientational order
we have investigated the planar nematic order parameter S
[Figs. 8 and 9]. A rod-like particle, with its center located
above that side of the chemical step sharing its BC (Ξ > 0), is
aligned parallel to the step [Fig. 8(a)]. If its center is located
above the other side of the chemical step with the opposite
BC (Ξ < 0), it prefers the perpendicular orientation in order
to increase the overlap of equal BCs on its surface and on the
substrate. Disk-like particles exhibit a different orientational
order [Fig. 8(c)]. In particular, the preferred orientation of
a disk-like colloid near a chemical step can be switched
reversibly by minute temperature changes [Figs. 9(a) and
9(b)], ultimately due to the variation of the ratio of the critical
Casimir force in the film geometry for (+,−) and (−,−)
BCs as a function of temperature.
On the basis of the DA, we have derived these results semi-
analytically in Eqs. (18) – (20), (28), (29), and (35). For the
specific cases Θ = 0 (corresponding to T = Tc) and Θ ≫ 1
(corresponding to large D or to large deviations from Tc) we
have provided analytic expressions for the corresponding scal-
ing functions in Appendices B and C.
In Sec. V we have made use of the general expressions for
the critical Casimir potential derived within DA in order to
study the effective interaction between a cylindrical Janus par-
ticle and a chemically striped substrate. The effective poten-
tial Φp [Eq. (37)] of the colloid exhibits several maxima and
minima depending on the position and the orientation of the
particle [Fig. 10], so that its preferred axial alignment is ro-
tated relative to the chemical stripes and shifted laterally with
respect to the center of the stripes. We have characterized the
degree of the orientational order using the standard deviation
σα of the angular probability distribution function, which is
surprisingly small except for colloid positions very close to
the centers of the chemical stripes. A cylindrical Janus par-
ticle located at the center of a chemical stripe can rotate de
facto freely; but this is an unstable configuration with respect
to the lateral position. The most favorable configuration is
achieved when the particle center is positioned at the edge of
a stripe and aligned as depicted in Fig. 10. For this particle
orientation, the degree of orientational order is very high and
insensitive to small fluctuations of the particle position.
In summary, the present analysis shows that upon approach-
ing the critical point of the solvent, elongated colloidal parti-
cles can be reversibly aligned in a designed way via minute
temperature changes by suitably choosing the geometrical pa-
rameters of the setup. Our results provide a means to pre-
dict the alignment of cylindrical colloids near chemically pat-
terned substrates by critical Casimir torques. Previously, it
has been has been demonstrated experimentally that chem-
ically homogeneous spherical colloidal particles can be re-
versibly trapped above a chemically patterned substrate via
critical Casimir interactions in binary liquid mixtures [37–
39, 44]. Using a similar setup, homogeneous cylindrical col-
loidal particles may be trapped laterally as well as oriented in
a designed way.
Our results indicate that, using the same setup, it is possible
to trap Janus cylinders laterally as well as in an orientation
rotated by an angle α > 0 relative to the substrate symmetry
axis, which can be adjusted by the geometrical parameters of
the substrate pattern in a controlled way.
Such a rich behavior of critical Casimir interactions involv-
ing chemically patterned substrates is also expected to oc-
cur for other anisotropic or inhomogeneous colloidal parti-
cles. This includes particles with ellipsoidal shape [84, 85]
and dumbbell-shaped particles [31, 86, 87] with homogeneous
surfaces as well as Janus spheres with inhomogeneous surface
properties. The latter type of particles has recently been used
for realizing self-propulsion (see, e.g., Refs. [88] and [89]).
Critical Casimir forces in colloidal suspensions have been
discussed in the literature to drive colloidal aggregation phe-
nomena [90–92]. Moreover, self assembly of spherical col-
loidal particles induced by critical Casimir forces has been
observed experimentally in Ref. [37]. Various colloidal ar-
rangements have been obtained depending on the boundary
conditions imposed by the underlying chemically patterned
substrate [37]. This demonstrates the diverse possibilities of
using chemically patterned substrates with a view on self-
assembly in soft matter. Our analysis has revealed a rich orien-
tation behavior of anisotropic colloids near criticality of their
solvent which promises to be useful for designing the align-
ment of non-spherical colloidal particles.
Our analysis is focused on the leading singular contribution
to the forces near Tc, which adds to corresponding nonsingu-
lar background interactions due to, inter alia, dispersion and
electrostatic forces. Whereas the latter can be screened by
salt, dispersion forces can be weakened by suitable matching
of indices of refraction. The (+) and (−) BCs can be im-
plemented experimentally by surface treatments only, which
leaves the bulk materials and thus the leading part of the dis-
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persion forces unchanged. Therefore, the dispersion forces
are to a large extent blind with respect to (+) and (−) BCs,
which helps to detect the critical phenomena discussed here
and which crucially live on the contrast between (+) and (−)
BCs. Moreover, the critical phenomena reveal themselves via
their singular temperature dependences. We note that the ori-
entational effects described above should be clearly detectable
in experiments due to the strength of the universal contribution
of the critical Casimir effect. In order to estimate the con-
trast between attractive and repulsive combinations of BCs,
we exemplarily choose the geometry depicted in Fig. 8(a) with
∆ = 1/4 and L = 10. For these values, the potential in units
of kBT is given by Φs/(kBT ) ≈ 40×ϑs. Close to the critical
point, the difference of the scaling function ϑs of the poten-
tial for Ξ → ±∞ is roughly of the order of 1, leading to a
difference of the potential energy of ca. 40kBT . This is in
line with previous experiments (see, e.g., Refs. [1] and [38]),
and characterizes the universal orientation dependence as be-
ing strong compared with the thermal energy and with non-
universal background contributions.
Appendix A: Derjaguin approximation for a cylindrical particle
close to a substrate with a chemical step
Figure 12 shows the projection of a cylindrical colloid onto
a substrate with a chemical step. Within the DA the surface of
the cylinder is sliced into many pairs of infinitely thin lanes,
indicated by the two thick black lines in Fig. 12(a). Each pair
consists of one lane on the left and one lane on the right of the
(dashed) main axis of the cylinder.
In the case of a cylindrical colloid near a chemical step and
orientated parallel to it, for some of these pairs both lanes lie
such that they are opposite to the same BC on the substrate,
whereas for other pairs the two lanes are opposite to different
sides of the chemical step, depending on the (scaled) lateral
position Ξ of the center of the colloid.
For a cylindrical colloid rotated with respect to the chemi-
cal step, the surface lanes may partly overlap both BCs of the
substrate. Ξ1 and Ξ2 mark the two lateral distances ρ at which
the projected surface lanes touch the chemical step with their
ends. The projection of the main axis of the cylinder and the
chemical step intersect at a distance |ε| from the end of the
cylinder [see Fig. 12(b)]. If this intersection lies within pro-
jected cylinder surface, as depicted in Fig. 12, one has ε < 0,
otherwise ε > 0. The DA for a cylindrical colloid which is
rotated with respect to the chemical step [Eq. (25)] is based
on the idea of decomposing the particle surface into areas the
contributions of which can be mainly expressed in terms of
the known function ψ‖(a<|a>,b)(Ξ,Θ) [Eq. (27)].
In order to visualize the contributions from the scaling func-
tion ψ‖
(a<|a>,b)(Ξ,Θ) [Eq. (27)], in Fig. 12 we color code in
red that area corresponding to the integral term, which cap-
tures the difference in surface contributions from pairs of lanes
with one of these lanes next to a part of the substrate with the
same BC as the particle and the other lane next to a part of the
substrate with the opposite BC.
For ρ > Ξ2, i.e., the outer part of the projected cylinder
surface, shown in red in Fig. 12(a), does not overlap with the
chemical step and the contribution from both BCs is given by
ψ‖
(a<|a>,b)(Ξ2,Θ) =−1+
∫
∞
1+Ξ22/2
dβ f (β ) (A1)
with
f (β ) =√2(β −1)− 12 β−d∆k(Θβ )/∆K(Θ,∆ → 0,L ).
For Ξ1 < ρ < Ξ2, one part of the surface contributions of
the rotated cylinder is equal to the contribution from the partial
surface of a shorter cylinder with length −ε [compare the red
area in Fig. 12(b)], corresponding to
−ε
(
ψ‖
(a<|a>,b)(Ξ1,Θ)−ψ
‖
(a<|a>,b)(Ξ2,Θ)
)
=−ε
∫ 1+Ξ22/2
1+Ξ21/2
dβ f (β )
(A2)
The other partial contribution for Ξ1 < ρ < Ξ2,
2cot |α|
L ∆K(Θ,∆,L )
∫ 1+Ξ22/2
1+Ξ21/2
dβ β−d∆k(βΘ),
has a different functional form due to the acute angle, as de-
picted in Fig. 12(c).
The surface contribution for ρ < Ξ1 can be identically rear-
ranged into that of a cylinder with length 2|ε| [see the red area
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FIG. 12. Sketch to illustrate within DA the correspondence of the
terms in Eq. (25) to parts of the surface of a cylindrical particle ro-
tated with respect to a chemical step. The rectangular box with thin
black lines is the projection of the cylinder surface. The colloid sur-
face is described as a collection of infinitely thin lanes, indicated
by the two thick black lines in (a). The variables ε , Ξ1, and Ξ2 in
Eq. (26) refer to specific lengths. Ξ1 and Ξ2 designate specific lateral
distances from the projected axis of the cylinder where the projection
of one of the two lanes forming a pair onto the substrate touches the
chemical step with either end. In general, Ξ1 and Ξ2 are different
and defined such that Ξ2 ≥ Ξ1, with Ξ1 = Ξ2 only when the colloid
center is located exactly above the chemical step, i.e., X = 0. In the
case of ε < 0, which is depicted here, for a given rotation angle α
the colloid is positioned close enough to the chemical step so that the
projection of its main axis onto the substrate plane and the chemical
step cross each other. If so, |ε| gives the position of the intersection
measured from one end of the cylinder. The red areas in (a) – (d)
correspond to certain terms as explained in the main text.
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in Fig. 12(d)], yielding
2|ε|H(−ε)
(
ψ‖
(a<|a>,b)(0,Θ)−ψ
‖
(a<|a>,b)(Ξ1,Θ)
)
= 2|ε|H(−ε)ε
∫ 1+Ξ21/2
1
dβ f (β ) (A3)
where ψ‖
(a<|a>,b)(0,Θ) = 0 and H(x) is the Heaviside step
function. The sum of these four terms leads to the rela-
tive scaling function ψ(a<|a>,b)(Ξ,α,Θ,∆ → 0,L ). The form
given in Eq. (25) follows from collecting the coefficients
(ε +1) and (−ε− 2|ε|H(−ε)) =−|ε| of the the scaling func-
tions ψ‖(a<|a>,b)(Ξ2,Θ) and ψ
‖
(a<|a>,b)(Ξ1,Θ), respectively.
With this decomposition of ψ(a<|a>,b), all surface contri-
butions from both substrate BCs, marked by the combined
red areas in Fig. 12(a) – 12(d), are covered by the integral
terms given above. The limiting value for Ξ →±∞ is recov-
ered from ψ‖
(a<|a>,b)(Ξ2 →±∞)→∓1. The remaining white,
trapezoidal area in Fig. 12 corresponds to the singular excess
interaction of the particle with the right (or left) BC of the
chemical step for Ξ > 0 (for Ξ < 0).
Appendix B: Scaling functions at T = Tc
In this appendix we provide expressions for the scaling
functions for the critical Casimir force and potential acting
on a cylindrical colloid next to a chemical step (Fig. 1(c))
as obtained within the DA discussed in Sec. IV for the spe-
cific case T = Tc and for both d = 3 and d = 4 (MFT). Right
at bulk criticality the scaling function for the film geome-
try reduces to a universal Casimir amplitude [Eq. (1)], and,
therefore, the integrals presented in Sec. IV can be carried
out analytically. We note that the expressions below hold for
all combinations of BCs (a<), (a>), and (b), independent of
their nature, i.e., symmetry-breaking or symmetry-preserving.
The critical temperature T = Tc corresponds to Θ = 0 and
k(a,b)(Θ = 0) = ∆(a,b), so that the integrals in Eqs. (25) and
(28) can be evaluated for any angle α . Hence the scaling func-
tion ψ(a<|a>,b) for the normal critical Casimir force [Eq. (25)]
is given by (see also Eq. (11))
ψ(a<|a>,b)(Ξ> 0,α,Θ= 0,∆→ 0,L )=−|ε|ψ
‖
(a<|a>,b)(Ξ1,Θ= 0)
+(ε +1)ψ‖
(a<|a>,b)(Ξ2,Θ = 0)+
26−d(3d−4)
15
√
2pi
×
(1+ Ξ21
2
)1−d
−
(
1+
Ξ22
2
)1−d cot |α|
L
(B1)
with
ψ‖
(a<|a>,b)(Ξ > 0,Θ = 0) =−
2
pi
[
arctan
(
Ξ√
2
)
+
Ξ
6
√
2
1
5 (2+16d)+(−12+5d)Ξ
2 +
3
2
(−3+d)Ξ4(
1+
Ξ2
2
)d−1
]
. (B2)
For the scaling function ω(a<|a>,b) of the critical Casimir
potential [Eq. (28)] we find
ω(a<|a>,b)(Ξ> 0,α,Θ= 0,∆→ 0,L )=−|ε|ω
‖
(a<|a>,b)(Ξ1,Θ= 0)
+(ε +1)ω‖
(a<|a>,b)(Ξ2,Θ = 0)+
2
√
2(6−d)
3pi
×
(1+ Ξ21
2
)2−d
−
(
1+
Ξ22
2
)2−d cot |α|
L
(B3)
with
ω
‖
(a<|a>,b)(Ξ > 0,Θ = 0)
=− 2
pi
arctan
(
Ξ√
2
)
+
( 7
3 d−6
)
Ξ+(d−3)Ξ3
√
2(d−2)
(
1+
Ξ2
2
)d−2
 . (B4)
Thus, Eq. (B3) can be expressed as
ω(a<|a>,b)(Ξ > 0,α,Θ = 0,∆ → 0,L ) =
2
pi[
|ε|arctan
(
Ξ1√
2
)
− (ε +1)arctan
(
Ξ2√
2
)
− (d−3)
√
2
3
(1+ Ξ21
2
)−1
−
(
1+
Ξ22
2
)−1 cot |α|
L
]
. (B5)
Appendix C: Scaling functions for Θ ≫ 1
Far from the critical point for (positive) Θ ≫ 1 and for
symmetry-breaking BCs (a<) = (−), (a>) = (+), and (b) =
(−), the relationship ∆k(Θ ≫ 1) = (A−−A+)Θd exp(−Θ)
holds (see Eq. (2)) and in this limit we find both for d = 3
and for d = 4 the same expressions for the scaling functions
for the critical Casimir force, potential, and torque acting on a
cylindrical colloid next to a chemical step.
For the scaling functions of the normal critical Casimir
force and the corresponding potential we find the following
same expression (see also Ref. [44]):
ψ‖
(−|+,−)(Ξ > 0,Θ ≫ 1L ) = ω
‖
(−|+,−)(Ξ > 0,Θ ≫ 1)
=−erf
(
|Ξ|
√
Θ
2
)
. (C1)
Thus, from Eqs. (25) and (27) together with the above expres-
sion for ∆k(Θ ≫ 1) we obtain
ψ(−|+,−)(Ξ > 0,α,Θ ≫ 1,∆ → 0,L )
=ω(−|+,−)(Ξ > 0,α,Θ ≫ 1,∆ → 0,L )
=|ε|erf
(
|Ξ1|
√
Θ
2
)
− (ε +1)erf
(
|Ξ2|
√
Θ
2
)
+
√
2
piΘ
cot |α|
L
(
exp
(
−Ξ222 Θ
)
−exp
(
−Ξ212 Θ
))
. (C2)
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Appendix D: Critical Casimir torque
In the following, we determine the scaling function Ms for
the critical Casimir torque acting on a cylindrical colloid next
to a chemical step (Fig. 1(c)) as obtained within the DA dis-
cussed in Sec. IV. In this limit, the corresponding derivative
of ω(a<|a>,b), as expressed in Eq. (34), is given by
d
dα ω(a<|a>,b)=
[ ∂
∂α +
dΞ1
dα
∂
∂Ξ1
+
dΞ2
dα
∂
∂Ξ2
+
dε
dα
∂
∂ε
]
ω(a<|a>,b),
(D1a)
where for 0 ≤ α ≤ pi/2
dΞ1
dα = sign(ε)
|Ξ|sinα −L /2
cos2 α
,
dΞ2
dα =
|Ξ|sinα +L /2
cos2 α
,
dε
dα =−
|Ξ|cotα
L sinα , (D1b)
and
∂ω(a<|a>,b)
∂α =−
2
L ∆ϑ (Θ,∆→ 0,L )sin2 α Iω (Ξ1,Ξ2,Θ), (D1c)
∂ω(a<|a>,b)
∂ε =ω
‖
(a<|a>,b)(Ξ2,Θ)−sign(ε)ω
‖
(a<|a>,b)(Ξ1,Θ), (D1d)
∂ω(a<|a>,b)
∂Ξ1
=
∂ω(a<|a>,b)
∂Ξ2
= 0. (D1e)
Note that Eq. (D1e) is not obvious a priori, but carefully dif-
ferentiating ω(a<|a>,b) in Eq. (28) with respect to Ξ1 and Ξ2
reveals that all emerging terms cancel each other.
Thus, from Eqs. (34) and (D1) we find the following ex-
pression for the scaling function of the critical Casimir torque
in the limit ∆→ 0:
Ms(Ξ≷ 0,α,Θ,∆ → 0,L ) =∓ 1
sin2 α
{
1
L
Iω (Ξ1,Ξ2,Θ)
+
∆ϑ (Θ,∆→ 0,L )
2
|Ξ|
L
cosα
×
[
ω
‖
(a<|a>,b)(Ξ2,Θ)
− sign(ε)ω‖
(a<|a>,b)(Ξ1,Θ)
]}
.
(D2)
At the critical point T = Tc, the scaling function ω(a<|a>,b)
of the critical Casimir potential is given by Eqs. (B3) - (B5)
in Appendix B. Hence at Tc, the scaling function Ms for the
critical Casimir torque [Eq. (D2)] reduces to
Ms(Ξ≷ 0,α,Θ = 0,∆→ 0,L ) =∓∆ϑ (Θ = 0,∆ → 0,L )2L sin2 α
×
{
|Ξ|cosα
[
ω
‖
(a<|a>,b)(Ξ2,Θ = 0)
− sgn(ε)ω‖
(a<|a>,b)(Ξ1,Θ = 0)
]
+
4
√
2
pi(d−1)
(1+ Ξ21
2
)2−d
−
(
1+
Ξ22
2
)2−d}
(D3)
with ω‖
(a<|a>,b)(Ξ1,2,Θ = 0) given by Eq. (B4).
Far from the critical point for (positive) Θ ≫ 1 and for
symmetry-breaking BCs (a<) = (−), (a>) = (+), and (b) =
(−), we obtain with Eq. (C1)
Ms(Ξ≷ 0,α,Θ ≫ 1,∆ → 0,L ) =∓∆ϑ (Θ≫ 1,∆ → 0,L )2L sin2 α
×
{
−|Ξ|cosα
[
erf
(
Ξ2
√
Θ
2
)
− sign(ε)erf
(
Ξ1
√
Θ
2
)]
+
√
2
piΘ
[
exp
(
−Ξ212 Θ
)
−exp
(
−Ξ222 Θ
)]}
. (D4)
Appendix E: Lateral critical Casimir force
For completeness, in this appendix we present the expres-
sion for the lateral critical Casimir force acting on a cylindri-
cal colloid in the proximity of a chemical step [Fig. 1(c)]. The
dependence of the critical Casimir potential on the particle po-
sition X relative to the chemical step induces a force acting on
the particle along the x direction parallel to the substrate. This
lateral critical Casimir force Fℓs for a cylindrical particle fol-
lows from the potential energy Φs according to Fℓs ≡− ddX Φs.
It can be written in the scaling form (compare Eq. (15))
Fℓs (X ,α,D,R,L,T)
kBT
=
LR1/2
Dd−1/2
(
D
R
)1/2
Kℓs (Ξ,α,Θ,∆,L ), (E1)
with the scaling functions Kℓs (omitting the index (a<|a>,b))
of the lateral critical Casimir force, which follows from the
scaling functions of the potential in Eq. (18) and (19):
Kℓs (Ξ,α,Θ,∆,L ) =−
1
2
∆ϑ (Θ,∆,L ) ddΞ ω(a<|a>,b)(Ξ,α,Θ,∆,L ).(E2)
Within the DA, i.e., for ∆→ 0, in Eq. (28) the expression for
ω(a<|a>,b)(Ξ,α,Θ,∆→ 0,L ) has been provided in an implicit
form using the variables ε , Ξ1, and Ξ2, which depend on Ξ,
α , and L [Eq. (26)]. Thus, in Eq. (E2) the total derivative is
d
dΞ ω(a<|a>,b) =
[ ∂
∂Ξ +
dΞ1
dΞ
∂
∂Ξ1
+
dΞ2
dΞ
∂
∂Ξ2
+
dε
dΞ
∂
∂ε
]
ω(a<|a>,b),
(E3a)
where
dΞ1
dΞ =
sign(ε)sign(Ξ)
cosα
,
dΞ2
dΞ =
1
cosα
, and dεdΞ =
sign(Ξ)
L sinα . (E3b)
By using the relationships
∂ω(a<|a>,b)
∂Ξ = 0 (E3c)
and
∂ω(a<|a>,b)
∂Ξ1
=
∂ω(a<|a>,b)
∂Ξ2
= 0, (E3d)
[see Eq. (D1)], as well as
∂ω(a<|a>,b)
∂ε = sign(Ξ)
×
(
ω
‖
(a<|a>,b)(Ξ2,Θ)− sign(ε)ω
‖
(a<|a>,b)(Ξ1,Θ)
)
, (E3e)
the scaling function of the lateral critical Casimir force Kℓs
within the DA, which is a symmetric function of Ξ, can finally
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be expressed as
Kℓs (Ξ,α,Θ,∆ → 0,L ) =
∆ϑ (Θ,∆→ 0,L )
2L sinα
×
[
ω
‖
(a<|a>,b)(Ξ2,Θ)− sign(ε)ω
‖
(a<|a>,b)(Ξ1,Θ)
]
. (E4)
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